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1 Introduction

I will assume some familiarity with topology and metric spaces. Thus the development will
not be linear, that is, some concepts are mentioned before they are defined.

In the late 1800’s set theory was developed largely by Cantor. During the same period
Riemann, Ascoli, Arzela, Hadamard and others inspired by the needs of the calculus of
variations introduced the concept of function spaces — sets in which the points are functions.
Fréchet in his 1906 thesis used abstract set theory and introduced an axiomatic approach to
function spaces. He considered abstract sets provided with an abstract limit process. He
also introduced abstract metric spaces and raised questions of metrizability for topological
spaces. He introduced and studied notions related to compactness, separability and com-
pleteness and discussed the relation between compactness and total boundedness. In his
thesis he also applied his ideas to examples of function spaces; continuous functions on an
interval, analytic functions in a domain. His thesis demonstrated that useful and interesting
results could be obtained in an abstract setting.

The theory of abstract metric spaces was largely createddnhEt’and Hausdorff. Indeed
the namametric spacédmetrischer Raum) seems to be due to Hausdorff. The familiar neigh-
borhood formulation of topology is due largely to Hilbert, F. Rieszdret and especially
Hausdorff. Hausdorff’s 1914 book became a widely used standard text.

2 Metric Spaces

Let X be a set. Asemimetricon X is a function
d: X xX —-=R

such that

u d(xvy) >0, d((E,(L’) =0



0 d(z,y) =d(y,z)
O d(z,y) <d(z,z) +d(z,y)

for eachz, y, = € X. If in addition we required(z,y) = 0 impliesz = y thend is

called ametric A semimetric spac@&espectively, anetric spaces a setX together with a
semimetric (respectively, a metrid)on X. Most of the results obtained for metric spaces
apply equally well to semimetric spaces, though some care is needed, as, for example, a
compact set in a semimetric space need not be closed, limits of convergent sequences need
not be unique, and so forth.

The most familiar example of a metric space is the set of real nunbevgh the usual
metric
d(x,y):]:r—y], xvyeR'

Another useful metric ofR is given by

d(z,y) = |arctan(z) — arctan(y)|.

Givenz € X ande > 0 we define theopene—ball atx to be
Wi(z,e)={yeX | dlz,y) <e}.

A subsetU of X is said toopenif for eachz € U there ise > 0 such thatW (z,¢) C U.
Note that the empty set and the whole spac& are open. A subsél of X is said to
be aneighborhoodof z if W (z,e) C V for somee > 0. A subsetA of X is closedif its
complement is open. An example of a closed set ictbsede—ball atx

Bla,e) ={yeX | dz,y) <e}.

Exercise 1. Show thatB(z, ¢) is closed. Give an example where the closur&lgiz, ) is
a proper subset dB(z, ¢). Show thatV (x, €) is open.

Two important notions introduced early in the study of metric spaces are convergence of se-
guences and continuity of functions. Initially these concepts are given a metric formulation,
but they are usually quickly rephrased in terms of neighborhoods and open sets.

Let (zy),, be a sequence in the metric spaceWe say thatz,),,-, convergesoz € X
and we write

lim z, =2 or z,—=x
n—oo

if for eache > 0 there isN such that
d(x,z,) < eif n> N.

We can formulate the notion of convergence entirely in terms of neighborhoods with no
direct reference to the metric as follows, — x if and only if for each neighborhootl of
x there existsV such thatz,, € V for eachn > N.

Let X andY be metric spaces and It X — Y. Leta € X. We say thajf is continuous at
a if for eache > 0 there iso > 0 such thatr € X, d(z,a) < ¢ impliesd(f(x), f(a)) < e.
We sayf is continuous onX or simplycontinuousf f is continuous at each point of.



Exercise 2. The notion of continuity at a point may be formulated in terms of neighbor-
hoods: f is continuous aw if and only if for each neighborhoo® of f(a) there is a
neighborhood/V of a such thatf(W) C V.

Exercise 3. The notion of continuity may be formulated in terms of open sétis: contin-
uous if and only if for each open skt C Y the setf~!(V) is an open subset of .

Let(z,), >, be asequence in the metric spacgwith metricd). We call(zy,),,, aCauchy
sequencef for eache > 0 there existsV such thatd(z,,, z,) < €if m,n > N. If each
Cauchy sequence converges then we sayXhatcomplete

Completeness is a metric property — it is not determined by the underlying topology. The
concept can be extended to the clasamiform spacesut we also have to deal with a more
general concept of convergence then — convergence of nets or filters.

Exercise 4. The set of real numbeif® is complete with respect to the usual metric
d(z,y) =z —yl, = y€eR,
but not with respect to the metric
d(z,y) = | arctan(x) — arctan(y)|.
Both metrics induce the same topology, in the sense that they have the same open sets.

Exercise 5. Let (z,,),, be a convergent sequence on the metric spac&hen(zy),,-,
is a Cauchy sequence.

Exercise 6. In a metric space if a subsequence of a Cauchy sequence converges then the
original sequence converges. It follows that a compact metric space is complete.

Exercise 7. Let X be a complete metric space and YetC X. If Y is closed thert” is
complete. Conversely it is complete therY” is closed.

3 Contraction Mapping Principle

Let X be a metric space. A mappirfg: X — X is calledcontraction mayf there exists a
constant with 0 < ¢ < 1 such that

d(T'(z),T(y)) < cd(z,y), =yeX.
The constant is called thecontractivity coefficient

Theorem 1 (Contraction Mapping Principle). Let X be a complete metric space and let
T : X — X be a contraction mapping with contractivity coefficientLetz, € X and
inductively define

Tny1 =T (zy), n>0.

TheT has a unigue fixed point, the sequence,, converges ta and

d(a,z,) < "d(a,zp).



Proof. If a andb are fixed points them(a,b) = d(T(a),T(b)) < cd(a,b) which im-
plies d(a,b) = 0 since0 < ¢ < 1. If a is a fixed point ofT, that is, T'(a) = a
thend(a,z,) = d(T(a),T(zp-1) < cd(a,z,—1). By induction we obtaird(a, z,) <
c"d(a,zg). If n > 1thend(zy, zpy1) = d(T(xp-1,T(zy)) < cd(xp-1,z,) and so by
inductiond(zy,, xp+1) < " d(zg, z1). Itfollows if 0 < n < m then

cn

1—c¢

ATy T) < (c” 4+ 4+ cm_l) d(xg,x1) < d(xo, 1)

and therefordz,,) is a Cauchy sequence. Sin&eis complete this sequence converges to a
pointa. Now T'(a) = a by continuity of T". O

Note taking the limit asn — oo in the inequality in the proof of the theorem we obtain

7

d(a,zy) < lc d(xo,x1)

which is sometimes more convenient than the inequality stated in the theorem.

The contraction mapping principle is useful, but the hypotheses are very strong and may be
difficult to satisfy. If we examine the proof of the contraction mapping principle we are led
to a simple result which may be more useful.

Theorem 2. Let X be a complete metric space and et X — X be a continuous map.
Letxg € X and inductively define

Tnt1 = T(zp).

o0
Z d(Tp, Tpt1) < 00
n=0

then the sequende:,, ), >0 converges to a fixed pointof 7". Moreover

d(a,zy) < Zd(xk,xk+1).
k=n

Proof. By the triangle inequality i) < n < m then

m—1

d(ZEn,ZEm) S Z d(xkaxk‘-i-l)'
k=n

Thus (z,,),>0 is @ Cauchy sequence. |If the limit isthen by continuity of7” we have
a = T(a). Taking the limit asm — oo in the inequality above we obtain the required
estimate. O



4 Example: Ordinary Differential Equations

In this section we show how Contraction Mapping Principle implies a version of the fun-
damental existence and uniqueness theorem for Cauchy initial value problems for ordinary
differential equations.

Let Q2 be an open subset of the plane andfléie a continuous function ift. Let (a,c) € Q
and consider the initial value problem

d
% = f(x,y), y(a) =C.

By integrating we see this initial value problem is equivalent to the integral equation

y() = c+ / " () dt,

that is, we are looking for a fixed point for the map defined by the integralp Let0 and
g > 0 be chosen so that the rectandgbedefined by

0<z—a<p, |y—c|<gq
is contained irf2. Let M be an upper bound fdrf | on the rectanglé. Chooseh with
0 < h < min(p,q/M).
Letb =a + h and let
Xn={ueC(ab]) | ula)=c, |u(x)—c|<qgifa<z<b}.

If uw e X}, defineT'u by
Tu(w) = c+ / F(tu(t)) dt.

Clearly
| Tu(x) —c| < M(x—a) < Mh<gq

and soT": X;, — Xj. The space’([a, b]) is a complete metric space when provided with
the metricd(u, v) = sup |u(t) — v(t) |, a <t < bandXjy is a closed subset. Thu§, is a
complete metric space. Now suppose tfias Lipschitz continuous in the second variable
in the rectangleD, say

\f(a:,y)—f(w,z)]ﬁl)\y—z!, for(x,y),(x,z)eD.

Let0 <4 < 1. If u,v € X}, then
| Tu(z) = To(z)| < / | f(E,u(t) — f(E0(t) | dt

< /xL |u(t) —v(t)| dt < Lhd(u,v).

ThusT is continuous. Moreover if.h < § then this inequality implies th&t is a contraction
mapping and so has a unique fixed poinfXip. A simple estimate shows that any solution

5



of the initial value problem must be i;,. Thus we have the existence of a unigque solution
to the initial value problem on the intervil, b)) whereb = a + h and

h = min(p, ¢/M, 5/L).
The iterates.,, 1 = T'(u, ) converge rapidly to the fixed point. This method of approximat-

ing the solution was published by Liouville as early as 1838, though the general method is
usually credited to Picard, 1890. The successive approximants are addd iterates

We can do better. Lej,(z) = ¢ and inductively defing,, .1 = Ty,. Then

(z) — yol2) | < /x\f(t,yo(t))! dt < M (z — a)

and
[12(0) = 12(@) | = | Ta(2) = Tyo(e) | < [ L |n(0) — wo(e) | e

a

T LM o 2
g/ LM(t—a)dt_#.
By induction we see
L YM(x — a)"
|9 (@) — g1 (2) | < <,
n:
and so
M (Lh)"

d(ynvyn—l) S f nl

It follows that the sequendg,, ),>o converges to a fixed point @f. Thus we have existence
of a solution to the initial value problem on the inter\@b] whereb = a + h and

h = min(p, ¢/M).

This little argument shows that there is some value to extending the contraction mapping
principle as we did above.

In the present case uniqueness requires an additional argument, which may be found in stan-
dard texts on ordinary differential equations; for example, Nemytskii and Stepanov, 1960,
or Coddington and Levinson 1955. Finally note that the argument is essentially unchanged
if y and f are vector valued. Since any system of differential equations can be replaced by
a system of first order equations, we obtain existence and uniqueness under mild hypothe-
ses for the Cauchy initial value problem for any system of differential equations (in normal
form).

5 Example: Iterated Function Systems

In this section we describe an application of the Contraction Mapping Principle to the study
of iterated function systems and their corresponding fractals.



Let X be a metric space. B is a nonempty subset & we define

d(w. B) = inf d(a.y)

Letz,y € X. If e > 0 choosez € B such thatd(y, z) < d(y, B) + ¢. Thend(z,B) <
d(z,z) < d(z,y) +d(y,z) < d(z,y) + d(y, B) + €. Thus we conclude

|d(z,B) — d(y,B)| < d(z,y), z,y€X.

It follows thatx — d(x, B) is a continuous nonnegative function vanishing precisely on
B.

Now if A andB are nonempty subsets &f we define

d(A, B) = sup d(zx, B).
z€A

Obviously0 < d(A,B) < co. Let A, B,C be nonempty subsets of. Letxz € A and
lete > 0. Choosez € C such thatd(z,z) < d(z,C) +e. Nowd(z,B) < d(z,z) +

d(z,B) < d(z,C) + d(z,B) + €. SIncez € C we haved(z, B) < d(C, B) and therefore
d(z,B) <d(z,C)+ d(C, B). Taking the supremum overc A we obtain

d(A,B) < d(A,C) +d(C, B).
We have to be careful with the order here:
Exercise 8. Find an example witll(A, B) # d(B, A).
Let 8 (X) be the set of nonempty compact subsetsxoflf A, B € &(X) we define the
Hausdorff metrialy by

di(A, B) = max {d(A, B), d(B, A)} .

If Aisasubset o we define theelosede—neighborhoodA, of A by

Ac={ye X | d(z,y) <eforsomer c A}.
Exercise9. If A, B € &(X) ande > 0thend(A, B) <eifandonly if A C B..
Exercise 10. dy is a metric onk (X).

Theorem 3 (Completeness of 8 (X)). If X is a complete metric space thén( X) is com-
plete in the Hausdorff metric. (f4,,),,>1 is a Cauchy sequence (X ) andA = lim,,_.» A,
then

A= {:): € X | there exists,, € A, sothat lim z, ==z } .

n—~oo

I'll leave the proof as an exercise.

Now let T; be contraction mappings of with contractivity coefficients:;, j = 1,---n.
DefineT: R (X) — R(X) by

T(A) =T A JTn(4), Acf(X).

7



One can show thdf’ is a contraction mapping with contractivity coefficient= max; c;.
ThusT has a unique fixed point in 8 (X') and we can approximate it by computing iterates
of T" applied to an arbitrary element &f(X). The systen(7}),<;<y, is called anterated
function systemabbreviated ags. The fixed pointA is called thefractal determined by
theIFs. Note we can approximate the fixed poifitquite rapidly by computing the iterates
T™(F) whereF' is some initial arbitrary finite set.

Exercise11. Let X = [0, 1] and consider thers {17,7>} defined byT’(t) = t/3 and
T»(t) = 2/3+t/3. Show by a direct calculation that the Cantor set is the fixed point of this
IFS.

We may view a compact in the plane as a “picture.” If it happens to be the fixed point of
an IFs then the handful of real parameters which describerBanay be viewed as a very
efficient encoding of the picture. Now the inverse problem — given the fixed point find a
correspondingFs — is clearly of some interest.

Copyright© 1999 Bent E. Petersen. Permission is granted to duplicate this
document for non—profit educational purposes provided that no alterations are
made and provided that this copyright notice is preserved on all copies.

Bent E. Petersen phone numbers
Department of Mathematic office (541) 737-5163
Oregon State University home (541) 753-1829
Corvallis, OR 97331-4605 fax (541) 737-0517

petersen@math.orst.edu
http://ucs.orst.edu/"peterseb
http://www.peak.org/"petersen




