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This worksheet demonstrates some of Maple’s facilities for finding integrating factors and for solving
exact ODEs.

The implicit solution of a first order exact ODE that we find by integration in Mth 256 is what is
technically called a first integral. What we study in Mth 256 is a special case of a much more general
concept. In Maple the command for finding first integrals of exact ODEs is firint().

Before we can find a first integral we may first have to find an integrating factor (so we will have an
exact equation to feed to firint() ). Again the integrating factors studied in Mth 256 are a special case of
a much more general concept. The Maple command for finding integrating factors is intfactor().

Some of the problems below are from our text.

> restart;

We will need to load the DE tools library.

> with (DEtools):

Problem 1

First let’s integrate an exact equation.

> 0de0l:=(3*x+2*y(x))*diff(y(x),x)+(2*x+3*y(x))=0;

0
odeOl :=(3x+2y(x)) (a—y(x))+2x+3 y(x)=0
X
> soln0l:=firint (odell) ;
soln01 =3 xy(x) +y(x)* +x*+_CI =0



We can put the solution in a more customary form by making a couple of substitutions:

> subs(y(x)=y, Cl=C,soln01);

3xy+y2+x2+C=O
| I will make such cosmetic substitutions below without any additional comment.
Note the solution is quadratic in y. Thus if we try dsolve() it will return two explicit solutions here:

> s01l:=dsolve(ode0l) ;

3 1 > 5 3 1 > 5
——x_Cl—=4/5x"_CI"+4 ——x_Cl+—4/5x _CI"+4
2 2 2 2

501 :=y(x) = ,y(x) =
Cl Cl

> soln0Ola:=s01[1]: subs( Cl=C,y(x)=y,simplify(soln0la));

13xC+4/58°C +4

2 C
> so0ln0lb:=s01[2]: subs( Cl=C,y(x)=y,simplify(soln0lb));

13xC—A57C+4

2 C

y:

y=-

Problem 2
Let’s see how to find an integrating factor and then use it to solve a nonexact ODE.

> ode02:=(4*x*y (x) "2+y(x) ) + (6*y (x) "3-x) *diff (y(x),x);

ode02 = 4xy(x)2 +y(x)+(6 y(x)3 -X) (aa_XY(X))

> mu02:=intfactor (ode02) ;

noz2 =
i y(x)*
[ > fint02:=firint (mu02*ode02): subs( Cl=C,y(x)=y,£fint02);

2 X 2 _
3y +—4+2x+C=0
L y

Problem 3

Here’s another nonexact ODE.

( > odel03:=y(x) * (log(y(x)) +exp(x)) + (x+y (x) *cos (y(x) ) ) *diff (y(x) ,x)=0;



0
ode03 :=y(x) (In(y(x)) +e€") + (x +y(x) cos(y(x))) (& y(x) )= 0

> muO3:=intfactor (ode03) ;

pno3 :=
L y(x)
[ > firint (mu03*ode03): subs( Cl=C,y(x)=y,%);

xIn(y)+sin(y)+e" +C=0
Problem 4
This time let’s check for exactness before doing anything else.

> M04:=7*x"4*y-3*y"8; N04:=2*x"5-9*x*y"7;
M04::7x4y—3y8

NO4 ::2965—9xy7
> diff (M04,y)-diff (N04,x);

3x =15y
We see M + N dy/dx is not exact, so let’s look for an integrating factor and then integrate.

> ode04:=subs (y=y(x) ,M04) +subs (y=y (x) ,N04) *diff (y(x) ,x)=0;

0
ode04 =7 x* y(x) =3 y(x)* +(2xX =9 xy(x)) (a— y(x)): 0
X
> mulO4:=intfactor (odel4) ;
1

no4 =
i x(y(x) = x") y(x)
| > firint (mu04*ode04): fir04:=subs( Cl=C,y(x)=y,%);

firo4:=2In(y) +In(y’ =x")+3In(x)+C=0

It looks like Maple missed an opportunity to simplify here. Let’s exponentiate both sides of the equation
fir04.

> simplify(exp(lhs(£fir04)))=exp(rhs(£fir04)); subs(exp(C)=1/C,%):
yz (y7 —x4)x3 eC=1
yz (y7—x4)x3
C

Here’s another integrating factor (found by hand):




[ > muO4b:=x"2*y (x);

mu04b = x* y(x)
> firint (mu04b*ode04): subs( Cl=C,y(x)=y,%);

'y +xy +C=0

We have the same solution and we see that Maple does not always find the "simplest" integrating
factor.!

Problem 5

> MO5:=x"2*y"3; NO5:=x*(1+y"2);
MO05 ::xzy3
NO5 :=x (1+y")
> ode05:=subs (y=y (x) ,M05) +subs (y=y (x) ,N05) *diff (y(x),x)=0;
2 3 > (9
ode05 =x"y(x) +x (1 +y(x)") a—y(x) =0
X
2.2 2
3xy —-1-y

We see ODE 5 is not exact. Let’s find and integrating factor and then a first integral.

> muO5:=intfactor (ode05) ;

nos :=
i xy(x)’
[ > firint (mu05*ode05): subs(y(x)=y, Cl=C,%);

L1 In(y) L2 C=0
e +-x +C=
22 T

Problem 6

> MO06:=sin(y) /y-2*exp (-x) *sin(x) ;
106 =2 i)
L y
[ > NO6:=(cos(y)+2*exp (-x) *cos (x)) /y;

(=x)
coS +2e cos(x
NO6 = (y) (x)
L y

[ > ode06:=subs (y=y(x) ,M06) +subs (y=y (x) ,N06) *diff (y(x),x)=0;




—x 0
. (cos(y(x))+2¢€ )cos(x))(—y(x))
sin(y(x)) (=) | ox
ode06 . =——————2e sin(x)+ =0
L y(x) y(x)

[ > diff (M06,y)-diff (NO6,x) ;

cos(y) sin(y) -2 e(_X) cos(x)—2 e(_x) sin(x)

y ¥y y

We see ODE 6 is not exact. Let’s look for an integrating factor.

> muO6é:=intfactor (ode06) ;

1 e cos(y(x)) +2 cos(x)

M6 = (=) ’ (=)
sin(y(x))+2e cos(x)y(x) cos(y(x))+2e cos(x)

Maple returned two integrating factors:

> muO6a:=mu06[1l]; muO6b:=mul6[2];
1

mu06a := (=)
sin(y(x))+2e cos(x)y(x)

e cos(y(x)) +2 cos(x)

mu06b := o
cos(y(x))+2e cos(x)
> firint (muO6a*odel6) ;
Error, (in ODEtools/firint) The given ODE is not exact

> firint (mu06b*ode06) ;
Error, (in ODEtools/firint) The given ODE is not exact

| Something is wrong! Maple 6 spent much time computing these two integrating factors, but they do
not work. Maybe I made an error or maybe Maple needs help on this one. In any case we see that it is a
good idea to check Maple’s answers.

Fortunately an integrating factor is know for this problem (and it is a mystery that Maple does not find
it).

> mul6c:=y(x) *exp(x); # pulled out of the hat

mu06¢c = y(x) €'
> firint (muO6c*ode06) : subs(y(x)=y, Cl=C, %);

e sin(y) +2 e e " cos(x)y+C=0

Problem 7




[ > 0de07:=(3*x+2*y (x) )+ (4*x-2*y(x) ) *diff (y(x),x)=0;

ode07 =3 x+2y(x)+(4x—-2y(x)) (aiy(x))zO
X

We can use firint() to determine if an ODE is exact (rather than checking by hand as above):

> firint (ode07);
Error, (in ODEtools/firint) The given ODE is not exact

> mu07:=intfactor (ode007) ;
1

B3 -6xy(x)+2y(x)
> firint (mu07*o0de07) : subs(y(x)=y, C1l=C, %);
1 (-6x+4y)415
( Y) )+C:O
X

1 1
~In(-3x*—6xy+2y")+—4/15 arctanh| —
4 (—3x xXy+2y’) 30 arcta (30

no7 :=

Problem 8

In this problem we have an ODE with a parameter and we want to know for what value of the
parameter the equation is exact. Then solve the exact equation.

> M08:=y*exp (2*x*y) +x; NO8:=b*x*exp (2*x*y) ;

2x
MO8 ::ye( y)+x

NOS =bxe

1

>
> ode08:=subs (y=y(x) ,M08) +subs (y=y (x) ,N08) *diff (y(x),x)=0;

(2xy(x)) (2xy(x)) 0
0de08 :=y(x)e +x+bxe (a—y(x)):O
X
> diff (M08,y)-diff (N08,x); simplify(exp(-2*x*y)*%); solve(%=0,Db);

(2xy) (2xy) (2xy) (2xy)
e +2yxe —-be —-2bxye

1+2xy—-b—-2bxy
1

So b=1 makes ODE 8 exact:
> ode08b:=subs (b=1,0de08) ;

Xy(x X X a
omﬂ&n:yujJZY(»+x+xé2Y(»&;yuj):O
X

> firint (ode08b): subs(y(x)=y, Cl=C, %);




1 2x 1
—e M i— =0
2 2

Problem 9

> M09:=3*x+6/y; NO09:=x"2/y+3*y/x;

6
M09 =3 x+—
y
2
x> 3
NO9 =+
L y X

[ > ode09:=subs (y=y(x) ,M09) +subs (y=y (x) ,N09) *diff (y(x),x)=0;

4e09 =3 x4 —2 +( x +3y(x))(a ()) 0
oae = X - X =
i vy x Jax?

> muO09:=intfactor (ode09) ;

x y(x)
3 +y(x) + X7 y(x)

no9 :=x y(x),

Note Maple returned two integrating factors here:

> mul09a:=mu09[1]; muO09b:=mul09[2];
mu09a = x y(x)
x y(x)

37 +y(x) + X7 y(x)
> firint (mu09a*odel9) : subs(y(x)=y, Cl=C, %);

mu09b =

3x2+y3+x3y+C=O
> firint (mu09b*odel9) : subs(y(x)=y, Cl=C, %);

3 +y +xXy)+C=0

These two solutions are obviously "the same."

Problem 10

> M10:=3*x"2%y4+2*x*y+y 3; N10:=x"2+y"2;
MIO::3yx2+2xy+y3

NIO :=x>+y
> odel0l:=subs (y=y(x) ,M10) +subs (y=y (x) ,N10) *diff (y(x) ,x)=0;

odel0 =3 x> y(x) + 2 x y(x) + y(x)* + (x> + y(x)*) (aa_x y(x) ): 0



[ > mulO:=intfactor (odel0) ;

pnlo := e(3x)

> firint (mulO*odelO): subs(y(x)=y, Cl=C, %):;

(3x) 1 Gy
e yx2+ge y3+C=O

Problem 11
Here’s a linear equation
> odell:=diff (y(x),x)=exp(2*x)+y(x)-1;

0 (2x)
odell =—y(x)=e +y(x)—-1
ox
> mull:=intfactor (odell);

pull := e(_x)

> firint (mull*odell): subs(y(x)=y, Cl=C, %):;

(—x) (—x)
e y—€-e +C=0

We can of course also use dsolve() directly

> dsolve(odell,y(x)): subs(y(x)=y, Cl=C, %):;

(2x)
L y=e +1+e'C

Problem 12

> M12:=1; Nl2:=x/y-sin(y);
MI2 =1

X
NI2 :=——sin(y)
y

> odel2:=subs (y=y(x) ,M12) +subs (y=y (x) ,N12) *diff (y(x) ,x)=0;

odel2 =1+ (L— sin(y(x)))(i y(x)): 0
y(x) ox

> mul2:=intfactor (odel2);

L nl2 :=y(x)
| > firint (mul2*odel2): subs(y(x)=y, Cl=C, %);

xy—sin(y)+ycos(y)+C=0

Again dsolve() can handle this equation:




> dsolve(odel2,y(x)):

subs (y (x) =y, Cl=C, %);
sin(y) —ycos(y)+C
x- =
y

0



