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1 Testl
Problem 1. (20 points). A 1000 gallon tank initially contain$00 gallons of brine of concentration

1.0 oz salt per gallon. Brine of concentrati@®b oz salt per gallon flows into the tank étgallons per
minute. The well-mixed solution is pumped out at the ratd ghllons per minute. Find the concentration
of the brine solution in the tank at the very moment that the tank begins to overflow.

Problem 2. (20 points). Use the substitutiom = y 2 to solve the initial value problem

v +y=1v° y(0)=-.
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Problem 3. (20 points). The differential equation
(23:2 + y) dx + (ny — m) dy=20

has an integrating factor of the form= z*. (A) Find the integrating factor. (B) Find the solution of the
differential equation satisfying the initial conditigril) = 2.

Problem 4. (20 points). Solve the (homogeneous) initial value problem
Y yraseclyle), ()=
xd:c =y—+x y/x), Y =1
Problem 5. (20 points). Consider an insulated box with internal temperatiiteAssume that the

ambient (external) temperaturkis changing linearly (for a while at least), say= Ay + A; t whereA,
and A; are constants, ands time. According to Netwon’s law of cooling we have

dT
-k (T-A
= ( )

wherek is a constant depending on the insulation of the box. Find the tempef@ttirén terms oft, Ay,
Ay andk. (Do not neglect the arbitrary constant.)

2 Test?2

Problem 6. (10 points). Supposes(z) is a particular solution of the ordinary differential equation
y"+p(x)y' +q(x)y = g(x). Suppose thay (x) andys () are complementary solutions. Suppose moreover
thaty,(a) = 1, ¥j(a) = 2, y2(a) = =2, y4(a) = 2, ¢(a) = 3 and¢'(a) = —1.

Find a solutiony(z) (in terms ofy; (x), y2(x) and¢(x)) of the initial value problem

y' +p(@)y +qx)y = g(z), yla)=-1, y(a)=1

Problem 7. (40 points). For each of the following linear homogeneous ordinary differential equa-
tions find the general solution (fundamental solution) in real form:

d*y dy
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By d
(B).d—;g—ﬁzo
d*y | dy
d*y  dy

2

dvy
E). — +16y =

). (D2 +4)>y=0
G).(D-2°y=0

(H). (D> +2D+5)> y=0

Problem 8. (15 points). Find a particular solution

29" +3y —5y=22%+1.

Problem 9. (15 points). Find theform of the particular solution given by the method of undeter-
mined coefficients for the ordinary differential equation

Y +2y +5y=6x+ze”" + 2 " cos(2x) + 3 ze” sin(2x).

Do not solve for the coefficients.

Problem 10. (20 points). Use the method of variation of parameters to find a particular solution to
the ordinary differential equation

d?y

T2 + 4y = 8 sec(2x).
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3 Final Exam
3.1 LApPLACE transform tablesfrom the exam
Laplace Transform Exchange Formulae
If £{f(t)}(s) = F(s) then
L {e“tf(t)} (s) F(s—a)
LAt"f(t)}(s) (—1)"F(s)
L {@} (s) /:o F(rydr (if @ integrable at P
! F(s)
[ 1o = =
L {%} (s) sF(s) — f(0) (if f cont. on[0,c0))
2
L {%} (s) s2F(s) — sf(0) — f'(0) (if £, f' cont. on[0,c0))
LAu(t —a)f(t—a)}(s) e F(s) (u= unitstep
LU} ) = FC)
If L{f()} (s) = F(s)andL{g(t)} (s) = G(s) thenL{(f x g)(t)} (s) = F(s)G(s).
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Sample Laplace Transforms

O p—
L) =
Licoswt}(s) = 5
Lismut}(s) = 5oy
£{e" coswt} (s) = (S_S’a;ﬁ

L{e"sinwt}(s) = G-afta?

Lo - 3

n at _ n!
LA{t"e"}(s) = G
3.2 Theexam problems
Problem 11. (25 poaints). A 100 gallon tank containg00 gallons of brine of concentratioh0 0z

salt per gallon. Brine of concentrati@ oz salt per gallon flows into the tank 2gallons per minute. The
well-mixed solution is pumped out at the same rate. Find the concentration of the brine solution in the tank
at the end of 30 minutes.

Problem 12. (25 points). Solve the initial value problem

d _
—=ep-p), pO)=1/2
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Problem 13. (20 points). (A) Solve the exact ordinary differential equation

(2zy — sec2(1:)) dz + (x2 + 2y + cos(y)) dy = 0.

(B) The differential equation
(2y — 6z) dz + (3z — 42y~ ') dy =0

has an integrating factor of the form= zPy? wherep andq are integers. Fing andgq.

Problem 14. (20 points). Solve the (homogeneous) ordinary differential equation
J;Q@ =y +y° + 2.
dx
Problem 15. (20 points). For each of the following linear homogeneous ordinary differential equa-

tions find the general solution (fundamental solution) in real form:

PPy dy
dy  d?y
B). —% + —2 =
®) dz* + dx? 0
(C) Ly o dy +y=0
" da? de YT
(D) &y 5 L 6y—0
" dx? dx y=
Problem 16. (20 points). Find theform of the particular solution given by the method of undeter-

mined coefficients for the ordinary differential equation
" / .3 2 T 2 —3z =3z _;
y' +2y —3y=a"+x+ 2% +e"cos(z) + x%e " + e Fsin(x).

Do not solve for the coefficients.
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Problem 17. (20 points). Use the method of variation of parameters to find a particular solution to
the ordinary differential equation
d?y 3
@ + 1y = sec (CC)
Problem 18. (25 poaints). If y(¢) is the solution to the initial value problem
Py L dy '
—— —5—= 413y = cos(2 = =2
3 — 5 13y =cos(2t), y(0) =3, y'(0) ;

find the Laplace transforii (s) = £ {y(¢)} of y. Note it is not necessary to solve the initial value problem.

Problem 19. (25 points). Find the inverse Laplace transform

4 Contact Information

The contact information below is accurate as of Oct 10, 2000.

Copyright (©) 2000 by Bent E. Petersen. Permission is granted to duplicate this
document for non—profit educational purposes provided that no alterations are
made and provided that this copyright noticeis preserved on all copies.

Bent E. Petersen phone numbers
Department of Mathematic office (541) 737-5163
Oregon State University home (541) 753-1829
Corvallis, OR 97331-4605 fax (541) 737-0517

bent @l um nit. edu
pet ersen@rat h. or st . edu
http://ucs. orst. edu/ " peterseb
http://ww. peak. org/ "~ pet er sen
http://web. orst.edu/ " peterseb
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