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1 SampleProblems—Part 1

The 117 problems below are mostly extracted from old assignments and old tests. There may be some
overlap with my old tests archive.

One way to determine the volume of blood in a person is to remove the blood, measure it, and then replace
it. Needless to say, this procedure is a bit inconvenient for the person involved. Therefore one wants to have
an indirect, less invasive method. Complicated variations on the following simpler problem may be used.
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Problem 1.  Consider a tank of volum& which is full of, for example, water. Assume water runs into
the tank at a rate af liters/minute and drains out of an opening in the bottom at the same rate. At a certain
time to we inject@, grams of dye into the inflow. Assume that the dye instantly enters the tank and is
uniformly well-mixed throughout the tank at all successive times) 1§ the amount of dye in the tank at
timet then

aQ  Q

= —ax to) = Qo.
dt « Vv Q( 0) QO

At a certain timet; > ¢, the concentration of dye in the outflow is found to Begrams/liter. Another

measuremeri.5 minutes later is found to yield a concentration®f2 grams/liter. Ifa = 2 liters/minute

find the volume of the tank.

Consider a tank initially full of some fluid. Assume that the tank is drained through an orifice in the bottom.
According to TORICELLI (1608-1647) the fluid issues from the orifice with a veloeityiven byu = \/2gh,
whereg = 32.2 ft/se is the acceleration of gravity and h (the head) is the instantaneous height of the fluid
surface above the orifice. Thusdfis the cross—sectional area of the stream of fluid issuing from the orifice
then
v
E = —au
whereV is the instantaneous volume of fluid in the tank Alfz) is the cross—sectional area of the tank at
heighth then from calculus we know that

av dh
A =
a A g

Combining the two facts above we obtain the following differential equatiot for

dh
A(h) Pl V 2gh.

Remark: According to BORDA, « = BA where A is area of the orifice ané is BORDA's constant. B
depends on the fluid — for water we have approximatel 0.6.

Problem 2.  Two conical tanks (right circular cones) of the same size are full of water. On tank is
upside—down (compared to the other). Both are drained through an orifice near the lower end. Both orifices
are the same size. Both tanks are initially full. Whch tank drains first? Find the ratio of the length of time
that it takes to drain the tanks.

Problem 3.  Two tanks, one conical, the other cylindrical, with the same base rdtliasd the same
height H are initially full of fluid. Both tanks are drained through an orifice in the bottom. Both orifices
have the same cross—sectional area.ll die the length of time it takes to drain the conical tank andiet

be the length of time it takes to drain the cylindrical tank. Com@aut&rs.

The ratio of the volumes i$/3. This fact is of course totally irrelevant.
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Here’s a problem that’s ju$bod for thought. If you think there are three solutions then you are on the right
track, but you will need to think some more, because i fact, there’s only one.

Problem 4.  Lety(t) be a nonconstant solution of the ordinary differential equation

dy 2

— = — 2.

dt Yy t+y

Assumey(t) has an inflection point at= ¢;. Without solving the ordinary differential equation compute

y(t1)-

After all that thought you are probably ready for some dull and boring drill problems.

Problem 5. p
Yy 2
2 —4
at 4T
Problem 6.
@ — COS
dr y
Problem 7. p
Yy 2
— =y* -3y +2
Y y+
Problem 8. p
Y 2
=yt -2 +1
Y y+
Problem 9.
de 1
dt =«
Problem 10.
dy _ _ 2*
de  y(1+ z3)

Here’s some equally dull drill initial value problems. Solve each prokdeactly. Don't use a calculator to
evaluate constants. The practice in manipulating exponentials, logarithms, and so on, is invaluable. Don't
pass it up.
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Problem 11. p N
Y ry +y
= = 1) =—2
I — y(1)
Problem 12. p N
Y Ty Yy
e log(z), y(1)=-2.
X X
Herelog = means thaatural logarithm ofx. Assumer > 0.
Problem 13.

dy
% oy =0 0) = —2
o T 20y =0, y(0)

Problem 14.  Solve the initial value problem

dy _y
= ==1 e =e

I = o los(@), y(e)

where e is the base of the natural logarithnru(ER's number) andog x means thenatural logarithm of
x. Assumer > 0.

Problem 15. p
ay _ _
zo+y=0, y(1)=4
Problem 16.
W g0, y2)=-8
T y=0, y2)=
Problem 17.
d—y + (tant)y =0, y(0) =2
Problem 18. p
v,y _
Problem 19.
xQd—y +y=0 (1)=1
g Y y Y
Problem 20. p
y oy _
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Problem 21.
dy
dx

+42°y =0, y(1) =2
Problem 22.

d
4 (loga)y =0, y(2) =1

Herelog = means thaatural logarithm ofx. Assumer > 0.

Problem 23. p
ay _ _ 2
T +(x+1)y=0, y@2) =e
Problem 24. p
2 @ _
(x* + 1)dx zy =0, y(\/g) 1
Problem 25. p
(@ +4) 2 +y =0, y(n/2) = e
Problem 26. p
Y _ _
e + (cosz)y =0, y(0) =2
Problem 27. p
Y . _ _
I + (3sinz)y =0, y(0)=1/2
Problem 28.
dy 2 _ _
+ (62" +2x)y =0, y(1)=1
dx
Problem 29. p
Y _ _
o~ (cota)y =0, y(m/2) =1
Problem 30.

—i +ycos(z) = cos(x), y(0) =3.
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Problem 31.  Solve the initial value problem

dp _ _
—r =< p(1=p), p(0)=05.
Find
tlim p(t).

Unless | mistyped something all of the ordinary differential equations above are separable. Here’s some
more dull drill problems where we throw in some linear ordinary differential equations as well. Some of the
these problems are both linear and separable. In those cases you should solve the problem in two ways: one
by separating the variables, the other by using an integrating factor.

Problem 32. p
y —_—
de 2y te
Problem 33. p
@ _
T 2y+1
Problem 34.
dy_
dx Y
Problem 35. p
a _ Y 2
dx T —3 T
Problem 36. p
Yy _
dr Ty +T
Problem 37. p
Yy .
I (cot z)y + sinx
Problem 38. p
YV sin(z?)
dr =z
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Problem 39. p
@ _ Y
I + 3y
Problem 40. J
vy__ ¥
Iz + 3x
Problem 41. p
y_ Y
dr =z +3
Problem 42.
dy _ 2oy = x 0)=1
d y=x, Yy =
Problem 43. p
2y =1, y(0)=1
dx
(Write the solution as a definite integral.)
Problem 44. p
Yy 42 _
xdx+2y—4x s y(l) =2
Problem 45. p
@Yy
I + - sin x
Problem 46.
— + (tanx)y = zsin(2x)
Problem 47.
dy xz+y
dr =z
Problem 48.
d_y B % — 2y
dr T
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Problem 49.

Problem 50.

Problem 51.

Problem 52.

dy

dx
Herelog = means thaatural logarithm ofx. Assumex > 0.

(logz)y =0, y(1)=-2

Problem 53.
d_y +ty=xz+1
dx y=
Problem 54. p
e + 22y = 823
dx
Problem 55. J
&Y _ g2 +2x -1
dr =z
Assumex > 0.
Problem 56. p
A |
dr =z
Assumex > 0.
Problem 57. p
dy (x+1)y _1
dx €T
Assumex > 0.
Problem 58. p
@9 ¥y .3 _
P i— x° + 3z — 2
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Assumez > 1.

Problem 59.
Y = 241
Problem 60. p
Y w?+y?
ydm X e
Problem 61.
dy y

dz zloge =
Assumezr > 0.

That ought to be enough drill for now. How about sofoed for thought?

Problem 62. Leta > 0 andb > 0 be constants. Show that the (curious) initial value problem

d b
4y +ay = / y(s)ds, y(0)=1
dt 0

has aunique solution if and only ifa> — ab — e~ + 1 # 0 and infinitely many solutions otherwise.

Problem 63. Find a solution of

/6
& +ytant =0, / y(s)ds = 2.
dt 0

Problem 64. Let u be a continuously differentiable function ¢f ). Let M andk be constants,

k # 0. Suppose we have

@—kugo forall ¢t > 0.
dt

If 4(0) = 0 then show that

M ¢k
< — — > ().
u(t) . (e 1) forallt >0
Here’s a hint: Think about the integrating factor.

Problem 65. Find a functiony(t) such that

u(t) + /0 y(s) ds = 12

forall ¢t € R.
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Problem 66. A radioactive substance decays to 85% of its original mass in 36 hours. Find the half-life.
Find the third—life.

Here are some problems involving integrating factors and exact ordinary differential equations.

Problem 67.  For what value of: is (22 + y2)k an integrating factor for

—ydr +xdy =07

Problem 68. For what values ofp and ¢ is zPy? an integrating factor for the ordinary differential
equation
(6y* + 3y — 4xy) dx + (=32 + 3z + 8zy) dy = 0?

Problem 69. The differential equation
(y — xy2) dz + (J: + x2y2) dy=20
has an integrating factor of the foraf*y™. Find the integrating factor. Then solve the differential equation.

Problem 70.  Find the general solution of the ordinary differential equation

(1+ log(zy)) dx + (1 + %) dy = 0.

Problem 71.  Solve the initial value problem

(3x2y2 — 22y — 2z — 1) dx + (2x3y —32%y? —8y3 —y + 1) dy =0, y(0)=2.

Problem 72.  Find an integrating factor which depends onlyypoand then solve the differential equation

(2y +y? — 6zy)dz + (4o + 3zy — 62%)dy = 0.

Problem 73.  The ordinary differential equation
(6xy+y2) dx + (9902 -6 —|—4xy) dy=20

has an integrating factqe depending only ory. Find the integrating factor and then solve the ordinary
differential equation.
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Problem 74.  For what values ofn andn is 2™ an integrating factor for the differential equation

(3y + 12zy?) dx + (4z + 152%y) dy = 0.

Problem 75.  Solve the initial value problem

(4x +4y + 3) dx + (4o — 6y — 2) dy = 0, y(2) = 1.

Problem 76.  Solve theexact ordinary differential equation

(2zy> — y? — 2) dx + (32%y* — 22y + 3) dy = 0.

Problem 77.  The ordinary differential equation
6y —4y>)dz+ 9z —8zxy)dy =0

has an integrating factor of the form
p=x"y"
Find m andn and then solve the given ordinary differential equation.

Problem 78.  The ordinary differential equation
(9y* + 18222 +4xy® + x)de + (18zy +64%) dy =0

has an integrating factor depending onlyaarFind this integrating factor and then solve the given ordinary
differential equation.

Here are some problems involving substitution.

Problem 79.  Substitutev = g(y) in the ordinary differential equation

dy

9'(y)o; +alt)gly) = b(t)

to obtain a linear ordinary differential equation farNow use this technique to solve

d
eyd—i +e¥ = ¢l
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Problem 80. If n = 0orn = 1then the BERNOULLI equation

dy

— t)y = b(t)y"

o ey =0b(t)y

is linear, and we can solve it. In all other cases, if we multiply it by- n)y~" we can use the trick in the
previous problem and set= 5!~ to obtain a linear ordinary differential equation far Use this idea to
solve the BERNOULLI equation

dy 2

— -y =ty”".
dt Y Y

Problem 81. Leta andb # 0 be constants. If

d
% = f(azx + by)

show that the substitution = az + by produces a separable ordinary differential equatiorzfddse this
method to solve the initial value problem

W wrn? w0) =0

Problem 82. Make the substitution = z + y to solve the ordinary differential equation

dy
%: (ac+y—|—2)(a:—|—y).

Problem 83.  Solve the initial value problem

dy 2
2 =2 (22— 0)=1.

Problem 84.  Use the substitutiom = 2z + 3 y to solve the ordinary differential equation

dy (22 +3y)?2 — 4 (22 + 3y) + 4
de 6 (2 + 3y) '

Problem 85. Make the substitution = x + y to solve the ordinary differential equation

dy _(w+y—1(=+y)
dx 2r4+2y+1
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Problem 86. Recall the substitutiop = tv can be used to solve the homogeneous ordinary differential
equation

dy
— = h(y/t).
= h(y/1)
Use this method to solve the ordinary differential equation
dy _y—4t
at  t—y’
Problem 87.
dy y? + 2ty
d 2
Problem 88.
dy £+
dt 2

It is time for a bit morefood for thought.

Problem 89.  Show thaty(t) = 0 andy(t) = ¢ are solutions of the initial value problem

dy 2
—= = 323 0) = 0.
o = y(0)

Why does this example not contradict the uniqueness theorem?
Problem 90. Let's assume you have solve the ordinary differential equation

dy 2
27 _9
dx Y

and that you obtained the one—parameter family of solutions

1
c—a?’

y(t) =

Now if we want to select so we have a solution satisfying the initial conditig{®) = 0 we have a problem.
What is the solution to this initial value problem? Can we obtain the solution to the initial value problem by
letting the parameter pass to a suitable limit?

Mixing problems are a nice application of linear first order ordinary differential equations. Many very
elaborate variations on the basic theme occur in biological applications. Here’s a few fairly straight-forward
mixing problems.
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Problem 91. A 50 liter tank initially contains 10 liters of brine of concentration 0.5 gram/liter salt.

A brine solution containing 1 gram/liter salt runs into the tank at the rate 4 liter/min. and the well-stired
solution is drained off at the rate 2 liter/min. Find the concentration of salt in the brine in the tank at the
onset of overflow.

Problem 92. A large tank contain$0 gallons of brine of concentratioh.621 oz/gal salt. Brine of
concentratior2.121 oz/gal salt flows into the tank atgal/min. The well-mixed solution is drawn off at the
rate of4 gal/min. When will the brine in the tank reacltancentration of 2.013 oz/gal salt?

Problem 93. A 100 gal tank initially contains 20 gal of brine of concentration 0.24 oz/gal salt. Brine
of concentration 0.18 oz/gal flows into the tank at 3 gal/min and the well-mixed solution is drawn off at the
rate of 1 gal/min. Find the amount of salt in the tank at the very moment that it begins to overflow.

Problem 94. A large tank initially contains 100 L of brine of concentration 0.6 g/L salt. Brine of
concentration 2.1 g/L runs into the tank at 6.0 L/min and the well-mixed solution is drained off at 4.0
L/min. Find the concentration of salt in the tank at the moment that the tank contains 220 L brine.

Problem 95. A 200 gal tank initially contains 100 gal fresh water. Brine of concentration 1.2 oz/gal salt
flows into the tank at the rate 3 gal/min. The well-mixed solution is drawn off at the rate 2 gal/min. Find
the concentration of salt in the tank at the very moment that it begins to overflow.

Problem 96. A 200 L tank initially contains 100 L of brine of concentration 3 g/L salt (i.e., 3 grams salt
per liter water). Brine of concentration 5 g/L salt runs into the tank at 8 L/min. The well-mixed solution is
drawn off at the rate 6 L/min. Find the concentration of salt in the solution in the tank at the moment that
the tank begins to overflow.

Problem 97. A brine solution consisting of 0.06 oz/gal salt dissolved in water flows into a large tank at
the rate 3.0 gal/min. The solution inside the tank is kept well-mixed and flows out of the tank at the rate 2.0
gal/min. If the tank initially contains 50.0 gal of brine of concentration 0.03 oz/gal determine the amount of
salt in the tank aftet minutes. When will the concentration of salt in the tank reach 0.05 oz/gal? Assume
the tank is so large that it does not overflow.

Problem 98. A tank of volume 400 L initially contains 200 L of brine of concentratigry/L of salt.
Brine of concentration 1 g/L flows into the tank at 8 L/min. The well-mixed solution is drawn off at the rate
6 L/min. Find the concentration of salt in the tank at the moment that it overflows.

Problem 99. A tank initially contains 200 L of brine of concentratic%ng/L of salt. Brine of concentra-
tion 1 g/L flows into the tank at 2 L/min. The well-mixed solution is drawn off at the rate 3 L/min. Find the
concentration of salt in the tank after 100 minutes.

NEWTON's law of cooling (or heating) states that when a body at temperdtisémmersed in a medium at
temperatured then the rate of change @fis proportional to the difference in the temperatures. Explicitly

ar

— = —k(T - 4)
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wherek is a constant.
NEWTON's law of cooling is a useful application of first order ordinary differential equations.

Problem 100. A cup of coffee initially at temperaturg, = 190° F is brought into a room at temperature
A = 65°F. The heat capacity of the room (compared to the coffee) is so large that we may #egard
being constant. After 2 minutes the temperature of the coffé45isF. What temperature will the coffee be
an additional minute later.

Problem 101. A thermometer reading2° F is immersed in a cooler liquid. After 3 seconds the ther-
mometer read80° F. Another 3 seconds later it reat® F. What is the temperature of the fluid?

Problem 102. Consider a cup of coffee in a room of temperatdre= 70° F. The cup is sitting on a
small heating pad which is supposed to keep the coffee warfidfthe temperature of the coffee then

dT
= k(M= A)+U

whereU is a constant depending on the heater and the cup & constant depending on the cup. Initially
the temperature of the coffeeli83° F, 5 minutes later the temperaturd i&° F, and an additional 5 minutes
later the temperature is35° F.

Find the temperaturg’ as a function of time. Compute

lim T'(t).

t—o00

Problem 103. A thermometer initially reading2° F is placed in a well insulated cup of very hot coffee.
After 2 seconds the thermometer redd§° F. After an additionall second it read$79° F. If A denotes
the temperature of the coffe®, denotes the temperature reading of the thermometet dadotes time in

seconds then according teEM/TON

dT
— = —k(T - 4)

wherek is a constant. We regard the temperatdref the coffee also as constant. Find the temperature of
the coffee.

Problem 104. A thermometer is brought into a certain room. The room has temperdtuare25° C. If
T is the temperature displayed by the thermometer then accordingwor &N

dTr
— =—k(T-A

o ( )

wherek is a constant. After being in the room for 10 seconds the thermometer2edd<. An additional

20 seconds later it reads.4° C. What was the initial reading on the thermometer at the time that it was
first brought into the room?
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Problem 105. Consider an insulated box with internal temperatlireAssume that the ambient (exter-
nal) temperatured is changing sinusoidally, say

A=Ay + A; cos(wt)

whereAg, A1 andw > 0 are constants, ands time. According to NWTON's law of cooling we have

ar
" + kT = kAg + kA; cos(wt)

wherek is a constant depending on the insulation of the box. Find the tempefatr terms oft, Ay, Ai,
w andk. (Do not neglect the arbitrary constant.) Which part of your solution represents the steady—state?
What is the amplitude, period and phase of the steady—state solution?

Problem 106. Consider an insulated box with internal temperatfireAssume that the ambient (exter-
nal) temperatureld is changing linearly (for a while at least), say

A=Ag+ At
whereA, and A; are constants, ands time. According to NwWTON's law of cooling we have

AT
T RT = kAo + kALt

wherek is a constant depending on the insulation of the box. Find the tempef@ttirén terms oft, Ay,
Ay andk. (Do not neglect the arbitrary constant.)

Problem 107. Consider a cup of coffee in a room of temperature Initially the temperature of the
coffee is183° F, 3 minutes later the temperaturel &° F, and an additional 3 minutes later the temperature
is 135° F. Find the temperatur€ as a function of time. Compute the temperature of the room.

Problems of finding orthogonal trajectories show a bit of the usefullness of ordinary differential equations
in geometry. If we have a one—parameter family of curves

F(z,y,a) =0,
differentiatey implicitly with respect taz
OF OF dy _
Oor Oy dx
and then eliminater between these two equations, we obtain an expression of the form

d
% = f(x,y).

Apart from some pathologies the general solution to this first order ordinary differential equation is the one—
parameter family of curves we started with. It follows that the orthogonal trajectories, the curves orthogonal
to each curve in our original family, are the solutions to the ordinary differential equation

dy -1

dr  f(z,y)

0,
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Problem 108. Find the family of orthogonal trajectories to the one—parameter family of hyperbolas
given by2y? — 22 = a.

Problem 109. Find the orthogonal trajectories for the family of ellipses

2% + 22 = a  («is an arbitrary parametgr

Problem 110.  Find the family of orthogonal trajectories to the one—parameter family of cubics

y=oax®, o= arbitrary parameter

Problem 111. Consider the 1-parameter family of hyperbolas and ellipses given by
x? — ozy2 =1
Find the 1—parameter family of orthogonal trajectories.
Problem 112.  Given the one—parameter family of curves
2 +y* =a+2log(z) (aisthe parameter
find the one—parameter family of orthogonal trajectories.
Problem 113.  Given the 1-parameter family of curves
y? = ae” | (aisthe parametor
find the family of orthogonal trajectories.
Problem 114. Given the 1-parameter family of curves

2? + ay? = a, (aisthe parameter

find the family of orthogonal trajectories.

Pursuit problems are interesting application of ordinary differential equations. Unfortunately most pursuit
problems can not be solved in closed form in terms of elementary functions.

We will consider a not-too-bright (or perhaps, just well-fed) dog chasing a rabbit. If you prefer you can
consider a missile chasing an aircraft. The not-too-bright part refers to the dog’s proclivity to head directly
towards the rabbit rather than heading it off. In practice, real dogs are actually much smarter.

Consider then a rabbit hopping along a traject@t), ¢(t)). At a certain timet, the dog sees the rabbit
and gives chase. The dog’s stragety is to run directly towards the rabbit a full (and constanty.spbed
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rabbit, not too concerned, is hopping along at a constant spe@dgsume in our coordinate system, the
dog’s motion is strictly towards the left, so(if, y) is the position of the dog, then

dx

dt
In this case we can parametrize the dog’s trajectory:.bgince the dog runs directly towards the rabbit at
all times we have

< 0.

dy _y—q
dv  x—p

. d .
If we introduce the slopa = d_y of the dog’s trajectory we have
XL

(z—-pw=y—q

Now if we differentiate with respect to and simplify we obtain

(wopy e (da_ dp) dt
Prae = \at ~ Var ) dz

From calculus we know

= () ()" )

It follows that

. o\1/2 do
= (1+w) R

dt 1 o 1/2

— =—__(1
dx U ( tw )

Substituting this expression above we obtain the equation

dw  (dq dp 0 1/2
(x p)dx_(dt wdt) (1—|-w) .

Problem 115.  Suppose the rabbit (in the discussion above) runs along-thgis, sop(t) = 0 and
q(t) = b+ tv. Assumety = 0 andb > 0. Then the equation fap becomes

dw

dw 1/2
v dx

(1 +w2) ,

v
T
a separable first order ordinary differential equation. Assume the dog starts at thezpojnvherea > 0.
Then we have the initial condition

w:—é when z =a.
a

Once we have found then we solve the initial value problem

dy _

=w, y=>b when z=a.
dz
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Show ifu > v then the dog catches the rabbit at time

vb 4+ u(a® + b?)1/?
1= 2 .

— 92

Problem 116. A river of width a is flowing at a constant speed At a certain time a boat sets salil
from one bank and maintains a heading towards a lighthouse initially directly opposite on the other bank.
The boat sails at a constant speedUnder what conditions will the boat land on the opposite bank at the
lighthouse and how long will it take?

Hint: One way to approach this problem is to use moving coordinates, i.e., think of the river as stationary
and the lighthouse as moving upstream. Now think about dogs and rabbits.

Remark: If the goal is simply to reach the other bank then that can be achieved by keeping a heading
perpendicular to the bank. But if one insists on landing at the lighthouse, then it is not always possible. Is
there a lesson hidden in this?

As our final example let's consider the parachute equation. Consider an object falling through the atmo-

: . . dy . .
sphere without tumbling. Let the height hesov = ~%is the downward component of the velocity.
dt

Assume that the acceleration of gravitys a constant (about 32.2 ft/S@@nd that the mass of the object
is m. If we assume that atmospheric drag is givenky wherek > 0 is a constant (depending on the
size, shape and aspect of the body, on air resistance, etc.) and we assume that bouyancy is negligible, then

NEWTON's law of motion gives
dv E o

pria el

The equation of motion has an equilibrium (i.e., constant) solution, namely

_ _ @ 1/2
v(t) =a= ( 7 ) .
If we introduce the “dimensionless” speed= v/« we obtain

du

2 —
E_5(1—u) wheres = =.

R lw

Problem 117.  Solve the ordinary differential equation above foand do a little algebra to show

1 (t
h(t)

~—

u(t) =

=y

where
h(t) = ug (eﬁt - e—ﬁt> + et e Pt
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whereuy = u(0) = vo/a. Conclude that

Then showim;_, ., v(t) = a. Show that for large

()[2
Yo — y(t) = at — (log 2)?

if vg = 0 (i.e., the object falls from rest).

If a man and his equipment, weighing a total of 260 Ibs. fall, from rest in free fall, and falls 25,100 feet in
the first 100 seconds and, also from rest 29,300 feet in 116 seconds, deterf(fiitsec) andk (slugs/ft).
Note these are real numbers determined by the U.S. army in 1942,

2 Sample Problems—Part 2

Problem 118. Food for thought. Recall the pendulum equation for a pendulum of length

d0 g .
W +ZSIH9 = 0.

, . . de : . , . . . .
If we multiply this equation by% and integrate we obtain the first order ordinary differential equation

1 /do\?> g
—|— ] —Zcos =K
; (i) ~fewo=k
whereK is related to the total energy by £ = K'm/2. It is not obvious, but the solutions of this equation
are periodic. Assuming initial conditio&0) = 6, and¢’(0) = 0 and a period” we have

1/2
o _ (2_g> (6089—00590)1/2, for0 <t <T/4.

dt ¢
Show that
172 r6
(D)
2g o Vcosf — cosfy

A df
= 2(- .
<g> 0 /sin?(6y/2) — sin?(9/2)
Now letk = sin(fy/2) and make the change of variabi®(0/2) = k sin(«). Show that

1/2 pr/2 1/2 1
T_4(£> / d—a_%@) [H_kuﬂku...
g 0 1—Kk2sin?a g 4 64
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Thus the period” actually does depend on the initial displacemgnt

Problem 119. Hereisa problem that | should have put on the first problem set. A charred branch of a

tree killed by the eruption of Mount Mazama that formed Crater Lake was estimated to contain about 45%
of the original amount of carbon-14. Given that the half-life of carbon-14 is about 5568 years, date the
eruption.

Problem 120. More food for thought. Consider a linear spring, that is, a spring satisfying Hooke’s
hypothesis. Suppose the spring has spring congtamd one end is attached to a frictionless trolley of
massm and the other end is attached to a piston moving horizontally sinusoidally. If the displacement of
the piston at time is a sin(wt), andz is the displacement of the trolley from its equilibrium position (with
respect to the midpoint position for the piston), then the spring is stretched by the ameungin(wt).
Thus the equation of motion is

d’x

Mmoo + k(x — asin(wt)) = 0.

If we letwy = /k/m be the natural frequency for this spring—mass combination then we have

d2
ﬁf + wir = wiasin(wt).

If w # wp find the general solution. If we have the (carefully contrived) initial conditiof®® = 0 and
7'(0) = —wda/(w + wo) show that

2

wpa . .
x(t) = sin(wt) — sin(wot)| .
()= 75 bin(wt) — sin(et)
Since N N
W T Wo w — Wwo w + Wwo W — Wwo
= andwg = —
w 5 T3 wo 2 2

a little trigonometry shows that

where

2wy —
A(t) = 2w0a2 sin <w 2w0t>.
—w

wo

w +

If wis close tavy then i wo and so we may regard the motion as being roughly of frequepclut

with amplitudeA(t) varying slowly with frequencyw_TwO. This is the phenomenon of beats. Other initial

conditions give the same result but with slightly more complicatég and with the phaser(/2 above) not
constant, but also varying slowly. Thus the actual motion is very complicated, but our view of it, thanks to
trigonometry, is relatively simple.

Problem 121. The ordinary differential equation

2 &y

d
e =3 2x % + (42% 4+ 2) y = 42 cos(22)
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has particular solutiong = ¢;(x), j=1,2,3 given by

¢1(z) = =% sin(2z) + 22 sin(2x) + = cos(2x)
$o(x) = a? sin(2z) — 2z sin(2z) 4 z cos(2z)
¢3(x) = a? sin(2x) 4 2z sin(2zx) 4 2z cos(2x).

Use this data to find the solution of the above ordinary differential equation with initial conditions
Ty (T3 (TN 9
v(3)=(5) and v (3) ="

The problems below are mostly extracted from old assignments and old tests. There may be some overlap
with my old tests archive.

Problem 122.  For what value of\ is y = 2*log(z) a solution of the ordinary differential equation
x%y" — b5y’ + 9y = 0?

Problem 123.  The ordinary differential equation

Py | dy
2 _ .1/2
xw—l—x%—y—x/, z >0
has a particular solution of the formz!/2 where A is a constant(A) Find the constantl. (B) Does the
ordinary differential equation
Py | dy
2 _ .1
x w + x% —y=x -, T> 0

have a solution of the forrdz—'? Explain your answer.

Problem 124.  The ordinary differential equation

d
(x3—x2) ?—(w3+2w2—2x) %—1—2 (w2+w—1)y:0

has the solutiony, (z) = x e*. Use reduction of order to find a solutigi such thafy;, y»} is a fundamen-
tal solution set for the given ordinary differential equation.

Problem 125. The ordinary differential equation

has the solutiony; (x) = x e*. Use reduction of order to find a solutign such tha{y,, y»} is a fundamen-
tal solution set for the given ordinary differential equation.
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Problem 126.  Find the general solutiorir{ real form) for each of the following ordinary differential
equations.

) d%y dy
Part (A): z° d2—|—11xd—+169y—0
Part (B): @+4@+5 =0

S T YT

d?y dy
. 2 _ _— —
Part (C): = 12 5xdm +9y =0.

Problem 127.  Find the general solutiorir( real form) for each of the following ordinary differential
equations.

2y d
Part (A): y+d—y—2y:0
2

Part (B): 4d——|—4§——3y20

2
Part (O): 4ﬂ —4Z—y+ =0
Problem 128.  Find the general solutiorir( real form) for each of the following ordinary differential

equations.

&2 d
Part (A): de—jg —|—5x% +13y =0

L ad?y
Part (B): 412 T3 ty=0

Part (O): 4z 2y + 8z 5,0
SRR T
Problem 129.  Find the general solutiorir( real form) for each of the following ordinary differential
equations.
d2y

dy
Part (A): +4d——|—13y—0

d2
Part (B): 45 +9y =0

2 d
Part (O): %—xﬁﬂ/:o
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Problem 130. Find the general solutiorir{ real form) for each of the following ordinary differential
equations.

Py dy
Part (A): — +4-—=4+4y =0
) dx2+ d:):+ Y
Part (B): Py W g
© dx? dx vy=
part (@ T 4 4% (5,0
©odx? dx y=

d*y dy
Part (D): 22— —~ 44y =
art (D) xdx2+5xdx+ y=20
Part (E): 2Py gy g
S Ve y=

d
Part (F): 2252 4502 45y =0

T dx

Part (G): —2 +4-2 =0

Part (H): d—xz+4y:0

d?y dy
.20y ay _
Part (1): = de—l—xd +4y =0

Problem 131.  Find the general solutiofin real form):

Py dy
2

d
Part (B): d—xz 4y =0

d2y
part @) LY 4 W\, =
© dx? dx y=
Part €): ©Y 4% |13, -0
©dx? dx y=
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Py dy

Problem 132.  Find the general solutiotin real form):

Part (A): 1:2%— :I:;Z—i:()

Part (B): xQ%—FxZ—i—Qy:O
Part (O): x2%+x3—z+9y_o
Part (D): x2%—5x§—i+9y20
Part (E): w2%—5x3—i+25y—0
Part (F): x2%—6y20

Problem 133. Use variation of parameters to find the general solution of the ordinary differential
equation

de eQac

a2 VT 1ter

Problem 134. Use the method of undetermined coefficients to find the general solution of the ordinary
differential equation

Y60 4 o5y — 363 cos(d

prohe %—i- y = 3e”* cos(4x).

Problem 135. The ordinary differential equation

Py dy (= 1)
— 1 —_ —_— pu—
(z—1) a2~ Cdx +y x
has complementary function
1T+ cye”.

Find a particular solution. What is the general solution?

Problem 136. Find the general solution of the ordinary differential equation
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Problem 137.  Find a particular solution of the ordinary differential equation

Problem 138.  Solve the initial value problem

>y dy : )
— 2 277 4 5y =de” 0) =2 0) = 12.
7 2 toy=de w(0)=2, y(0)

Problem 139. Consider the ordinary differential equation

d? d
xQd—xZ —2x£ + (1’2+2)y =a2%secx, x>0.

Given that the complementary function is
c1x CcoST + coxsinx
use variation of parameters to find the general solution.

Problem 140. Use variation of parameters to find the general solution of the ordinary differential
equation
Py | dy
2 _ -1

Problem 141. Use the method of undetermined coefficients (judicious guessing) to find a particular
solution:

d*y dy 2 2
Part (A): — +3——10y = *
art (A) In2 3d:): Oy=2a"e
Part (B): —d2y —6—dy + 25y = 4x > sin(4z)
. de dr Yy =4are sin(4xr

Problem 142. Assume that the acceleration of gravityis m/se¢ so that al0 kg mass will weigho8
newtons.

A 10 kg mass is suspended from a spring, stretching it.byn. The mass is started in motion by pulling it

down0.5 m and releasing it. Assume air resistance has magnﬁu%f newtons where: is the downward
displacement of the mass from equilibrium.
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Part (A): Find the equation of motion of the mass and solve it using the appropriate initial values.

Part (B): How many times does the mass pass through the equilibrium position after being released?

Problem 143.  Find the general solutiorir( real form) for each of the following ordinary differential
equations.

Part (A): 6£—17%+113—y—2y 0
Part (B): %—%—43—4—43/ 0
Part (C): %—3%—103——24 =0
Part (D): %+3%+73—+5y—0
Part (E): 2%—1%—23— +y=0
Part(F):%Jr%—E%j——lQ =0
Part (G): @—12@+44d——48 =0

dz3 ~ Tda? ' dw
Part (H: —2 —3-— +2-2 =0

dy d3y d%y dy
Part (I): 6— —23——= +28——5 — 132 2y =0
) dz* dx3 + dax? dx +

dYy d3y d%y dy

Cdly Ay Py dy

dy d3y d*y dy
Part (L): =& +2° 2 359 4% 4y —¢
L) dx4+ PR R
dy By > dy
Part(M: =5 —5° 2 49" 720 19y

dxt da3 dx? dx
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dy d?y

Problem 144. Find a particular solution for each of the following ordinary differential equations.

APy d?y dy 2

Py PPy dy

Py Ay dy _x

By Py _d
Part (D): d—xz + 3d—;§ + 7% + 5y = ze®

L,y Py dy

d? d? d
AN A 12y = 4 cos(x) — 3sin(x)

Part (F): dad ' dx? dx

dy Ay dy
Part (G): i 12@ + 44% — 48y = x cos(x)

By Py dy

Part (H): @—3@—#2@:6‘”&11(3:)

Part (I): 6%—23%%8%—13%%3/:%“
Part (J): %—2%—3%+8%—4y:x2+e$
Part (: T4 122U LWy

Part (L): %+2%_3%_4%+4y_62x

d
Part(M: — —5—= + 9? —7—= + 2y = 12cos(x) — 5sin(x)
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Problem 145.  Find the general solutiorir{ real form) for each of the following ordinary differential
equations.

By ,d%y dy

Part (A): x3@+x T3 20 +2y =0
Part (B): x3% —3:52%” d—y 8y =0
Part (O): :1:3%—1—31:2% =0

Part (D): w3%+3 2%—x3—y+4y—0
Part (E): x3% — xQ% - IOxZ—i =0

& &2 d
Part (F): x3d—g - 3x2d—z + 16xd—y 26y =0
X X X

d? d?
3¢0Y _g9.20Y

d
Part (G): = +6x—y —6y =0

da? dx? dx
4’y dy
Part (H): 32 9 29 =
t( v da? xd:): y=0

Problem 146. Find a particular solution for the ordinary differential equation.

d? d
xgd—;é+x£—y:2x+3x2—2x4

3 Sample Problems—Part 3

Problem 147. Use the table to compute thesbLACE transforms

A) £{2e*}  (B) L{e?(t—l)} © c{t+1)%3}.

Problem 148. Compute the inverseAPLACE transform

_ 252 +7s+3
£ 1{(s—l)(s+1)(s+2)}'
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Problem 149.

Problem 150.

Problem 151.

Problem 152.

Compute the inverse APLACE transform

et

Compute the inverse Laplace transform

= 252 +3
s34+2s52—-3s /"

Find the inverse BPLACE transform

e o)

3

LUDY = g5

compute the bPLACE transform

c{eft)}.

Problem 153.  Compute and simplifyC {e’ costsint}.
Problem 154. Compute and simplify

4, [s—1
Problem 155. Compute and simplify

[’,1 52 + s+ 6

(s+1)2(s—1) "

Problem 156. Compute and simplify
[ As+1)
£ { s(s2+4) )
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Problem 157. Compute the inverse Laplace transforms:
- 552 +5s—6
s+ 1)(s - 2)
= 6s>—T7s+3
s2(s—1)
Problem 158. Consider the initial value problem

Py |, dy
Sy =t y(0) = -2, y(0) =3,

Find the Laplace transform of the solution to this initial value problem.
Problem 159. Consider the initial value problem

d2y dy ‘ ,
27 9% 5y = de 0) =2 0) = 12.
7 o Ty =4 y(0) =2, ¢(0)

Find the LapLACE transform of the solution to this initial value problem.
Food for thought - -
Problem 160. If .
v+ [ utryar =1
use the lapLACE transform to findy(t).

Piecewise continuous functions:

Problem 161. If

compute the bPLACE transform

E{fUH—iéu?”f@ﬁh

Problem 162.  Find the LAPLACE transform of the solution to the initial value problem

2 fo<t<l1
— —3—=+3y = t fl<t<4
-1 if4<t

y(0) =1, ¥(0)=-2.
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(Do not solve the differential equation).
Problem 163. Find the Laplace transform of the solution of the following initial value problem:

2 . 0if0<t<2

Yy Y . /

LA Yol = < = — =1.

b5 =3 +2y 2!f2_t<3 y(0) = -2, 3/(0) =1
0if3<t

Problem 164. Compute the inverseAPLACE transform

9
L1 —7s/2 s )
{e $2 45 + 13

4 Testl

Problem 165. Solve the initial value problems

Part (A): (1+x) Z—i =y, y0)=4

Part @) (1+y) L =y, y(0)=4

Problem 166. Find the general solution

d
Part (A): %—i—xy:x—y—l—l

d H . .
Part (B): ﬁ +y =e**y®  Hint: Try the substitutions = y~=2.

Problem 167. Find the general solution of the ordinary differential equation
(3z + y® —sin(z + y)) dz + (2zy + y® —sin(z +y) + e’) dy = 0.

Problem 168. A brine solution of 0.4 kg/L salt flows into a large tank at the rate of 3 L/min. The well-
mixed solution is drawn off at the rate of 2 L/min. The tank initially held 100 L of brine of concentration
0.1 kg/L salt. Assuming the tank is so large that it does not overflow compute the length of time that it takes
for the brine in the tank to reach a concentration of 0.2 kg/L.

Problem 169. A cup of hot coffee is brought into a room. Assume the temperature of the room remains
constant, sayd° F. Two minutes later the temperature of the coffee is found ta15€ F. Another two
minutes later it is found to b@7° F. Yet another two minutes later the temperature of the coffee is found
to be85°F. Assuming Newton’s law of cooling, find the temperature of the room and also the initial
temperature of the coffee.
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5 Test?2

Problem 170. Let L be a second order linear ordinary differential operator with constant coefficients.
Suppose we have found functionsv, w such thatLu] = Lv] = 0, L{w] = ¢, u(0) = 1, ¥/(0) = 2,
v(0) = —1,7'(0) = —1, w(0) = 2 andw’(0) = —3. Find the solutiony of the initial value problem

Llyl=g, y(0)=0, ' (0)=1

Problem 171. Find the characteristic polynomial, characteristic roots and the general (real) solution:

d? d
d2

Part (B): d—xz—zlyzo
Ly dy
Ly dy
Ly dy

Problem 172.  Find the indicial polynomial, indicial roots and the general (real) solution:

Part (B): 2@+5 @+4 =0

CT 2 da y=

Part (C): x2@— x@+13 =0
' dz? dx y="=

Problem 173.  Find the general solution (in real form) for the ordinary differential equation

d? d
d—xz —2£+2y:exsecx.
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Problem 174. The method of undetermined coefficients gives us the form of a particular solution (with
parameters to be determined). For each of the following problems find the form of the particular (real)
solution as given by the method of undetermined coefficients. Do NOT determine the coefficients.

2 d
Part (A): dy _ 2% _ 3y = xze % 4 ze® + xe3®
dx? dx
d? d
Part (B): A 20y = e 2% cos(4x) 4 e*® cos(4x) — e
dax? dx

Problem 175.  Given
A= 8X% 4 2607 — 40A + 25 = (A2 — A +5)°

find the general (real) solution of the ordinary differential equation

dy d%y d?y dy
— —8——= +26—= — 40— + 25y = 0.
dxt 8dx3 + 6dx2 dx + 2oy
6 Final Exam
Problem 176.  Solve the initial value problem
4 2
dy _ ey -y y(1) = 2.

dz 42

Problem 177.  Find the characteristic polynomial, characteristic roots and the general (real) solution:

Part (A): %—FQ%—@—O
P’y | dy

Part (B): — -5 +4-~ +4y =0
PPy dy

Part (C): @+4%+5y:0
3 2

Part (D): %—%—i—j—i—yzo
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Problem 178.  For the following problem find the form of the particular (real) solution as given by the
method of undetermined coefficients. Do NOT determine the coefficients.
d2

d
d—xz + 6% + 13y = z%e 3% cos(2x) + 2ze 3%,

Problem 179. The linear ordinary differential equation
d? d
xzd—xz — 2x£ + 2y = 2zlog(x), x>0,
has complementary function. = ¢,z + co22. Use variation of parameters to find a particular solution.
Then find the general solution.

Problem 180. A brine solution of 0.20 kg/L salt flows into a 200 L tank at the rate of 4.0 L/min.
The well-mixed solution is drawn off at the rate of 2.0 L/min. The tank initially held 100 L of brine of
concentration 0.15 kg/L salt. Find the concentration of brine in the tank at the moment of overflow.

Problem 181.  (For this problem assume that a mass of 1 slug weighs exactly 32 Ib. at the location
where the problem is set.) A spring is hung from a support and a massl &lug is suspended from the
spring. The spring stretch&g13 ft. as a result.

Part (A): Find the spring constant.

. . , d , ,
Part (B): If air resistance and other damping effects amoun{ztef, wherez is the downward displace-
ment of the mass from equilibrium, find the equation of motion of the mass.

Part (C): If the mass is pulled dowh/3 ft and then released (from rest) find the subsequent motion of the
mass.

Problem 182. Find the inverse kPLACE transforms

—10
Part (A): £l -2~
at@: L {82+8—2}

Part (B): L—l{( 25% +5+9 }

s+1)(s2+4s+13)

Problem 183.  Find the LAPLACE transformX (s) of the solutionz(t) to the initial value problem

2
gdz  ydr

i e, x(0)=-2, 2/(0)=3.
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