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Instructions: — e You may use one note-sheetpared in advance. You must put your name on your note-sheet, but
If you do not read the in do notturn in your note-sheet. Your note-sheet must be letter 8izex 11 inches, or A4 paper,
structions, then how will 21 x 29.7 cm, or smaller. You may write on both sides of your note-sheet.

you know what to do? Read e Note-sheets may not be shared. If you do not bring a note-sheet you will have to do without any
them now. help notes.

e You may not use any books, notebooks nor additional note-sheets.

Be sure to write your name e You may use a calculator. Calculators and other equipment may not be shared.

in the space above. e For work-out problemsketch your work neatly. Highlight your answer by drawing a frame around
it. Scratch out irrelevant or incorrect work so it will be clear what you are submitting as a solution.
Give exact answers when possible. Simplify your answer when reasonable to do so. Partial credit
will be assigned only for relevant, clear, correct, legible work. If you do not show some relevant
work or explain your solution, your grade may be 0.

e For multiple-choice problemimdicate your choice in the answer box provided. You need not show
any work nor offer any explanations for your answer. If you need to do some work, you may do
it in the space provided, if any, or on the back of the examination sheets, but your work will not
be graded.You will be graded only on the letter you select and put in the provided answer box.
Note this test does not use a scantron.

e Use the backs of the examination sheets for scratch work.

Please notéog(x) means the natural logarithm afon this test.

Problem 1. (25 points if correct, 0 points if wrong). Use the bisection method to estimate the root of the polynomial
p(z) = 32" — 142° 4+ 242° — 42 — 3 in the interval[0, 1] with an error of at most.

A)
C)

B.)
D.)
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E.) None of the above.

«—Letter corresponding to your answer to problem 1.

Problem 2. Let f(z) = exp(x) — 22. Prove thatf has precisely one real root. Explain why the root must be in the interval
(—1,0).

Problem 3. Letp(z) = 22 — 322 + 62 + 5. The polynomialp(z) has a root in the interval-1, 0]. (A) Suppose we bisect
the interval. Which half of the interval can we guarantee contains a root. \(BjyBisect the subinterval known to contain a root.
Which sub-sub-interval can we now guarantee contains the (@)t we use the midpoint of this last interval as an estimate of
the root find an bound for the error that we make.

Problem 4. Show analytically that the polynomial
p(z) = 2® — 622 + 92 — 5

has a root in the intervdll, 5]. Suppose we bisect the interval. (A) Which half of the interval can we guarantee contains a root
(B) If we use the midpoint of the subinterval containing the root to estimate the root give an upper bound for the error.

Problem 5. Find two interval of lengthl with integer endpoints, each interval guaranteed to contain a rod{aof =
exp(z) — 6x. Be sure to justify your answer (without finding the roots). Use an initial gugss 0 and apply Newton’s iteration
once to obtain a new estimate for one of the roots.




Problem 6. Letp(z) = 2® + 22 + 3z — 4. Letzy = 1 be an initial guess to a roofA) Use Newton’s method (twice) to
compute successive approximations x» to a root.(B) Estimate the error in the root estimate. (C) Given thatp(z) has only
one real root,8663697595 . . ., find the actual errors im; andzs. How do they compare with your estimate of the errog{f?

Problem 7. Leta > 0 and letf(z) = z* — a. Suppose we decide to estimate the cube a6t by applying Newton’s
method to estimate the positive rootfffr). Forn > 0 find an expression for th@ + 1) iteratez,, 1 in terms ofz,,. Simplify.

Problem 8.  One of the roots of the polynomialz) = 22 — 2 — 1 is the golden rati¢1 + v/5)/2 = 1.61803398 - - -. Use
Newton’s method with initial “guessty = 2 for the root and compute the iterateg z, andz3 and also the error in each iterate.
Is the rate of convergence about what you would expect?

Problem 9. The polynomial
plz) =2 +24+1

has a root in the intervdk1,0]. Use the midpoint of this interval as an initial guess and apply Newton’s method once. What is
your new approximation to the root?

Problem 10. If G(x) = 4 + 3/ thenG maps the interval = [4,49] into itself and|G’ ()| < 3/4 for eachr € I. ThusG
has a unique fixed point if. (A) Find the fixed point(B) If

Tpt1 = G(xn), 190 =25

does the sequenasg, converge to the fixed point? Why?

Problem 11. If F(z) = 2% — 1 find the fixed point(s) of. If z,,,, = F(z,,) for eachn andz, = 0 doesz,, converge to a
fixed point of F'?

Problem 12. If G(z) = 1 + } /o + I thenG maps the interva, 3] into itself. Find the fixed point(s) of in [0, 3]. If z
is any pointin[0, 3] andx,,+1 = G(x,) can you guarantee that, converges to a fixed point ¢¥? Explain.

Problem 13. If P,(z) is the Taylor polynomial centered @tof degree< n, for the functionf, then the error irP, (x), when
we view P, (x) as an approximation of(x), is

I Fr(&)
— = — _ A\" f£(n+l) — 4\ _ o \n+1
fa)=Pute) = o7 [ @=or poar = Lo )
where¢,. is some point between the numberandz.
Supposef is a five times continuously differentiable function afifl) = 2, f'(1) = -2, f”(1) = 4, f®(1) = -8, and

F() = .
Part (A): Find the Taylor polynomiaP,(z) of f of degree< 4 with center atl.

Part (B): Suppose
|£®) ()] < 4 foreachz € [0, 3).

Find an estimate for the errof (x) — Py(z)| for z € [0, 3].
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Problem 14. LetA = {1 5

] and letB be a2 x 2 matrix. If

AB=B+1



wherel is the2 x 2 identity matrix computeB.

Problem 15. Let

Q
Il
=N =
= DN DN
Y Y]

Let B be a3 x 3 matrix such that
CB=C+B+1

wherel is the3 x 3 identity matrix. FindB.

1

Problem 16. LetA = [1

_11} . First computg A2 + 2A4)2. Then compute
1,423,846,679

A((A° +24)% +171)

wherel is the2 x 2 identity matrix.

Problem 17. Find all values ofr such that the matrix

B=

N K
w = 8
a8 =

is invertible.

Problem 18. Let
 [289490605321453  142915498732717

B= 142917092622049  70555200044678 |

Compute the determinadtt(B). If you do this calculation directly on a calculator explain why (or why not) that you may have a
problem.Remark. The condition number of the matrix is abdus7 x 10%°.

Problem 19. Compute the determinant of the matrxgiven by

A

N =
W S =

2
3
c

and simplify. Ifa = b = ¢ = 0 is the matrixA invertible?

Problem 20. Let S be a set of 9 vectors iR®. Which of the following statements is (always) true?

A.)) Sislinearly independent
B.) S spandR®

C.) Sislinearly dependent
D.) S does not spak®

E.) None of the above.

«—Letter corresponding to your answer to problem 20.

Problem 21. LetS be a set of 7 vectors iR®. Which of the following statements is (always) true?



A.) Sislinearly independent
B.) S spandR®

C.) Sislinearly dependent
D.) S does not spaik®

E.) None of the above.
«—Letter corresponding to your answer to problem 21.

Problem 22. The matrix

o=
is invertible if
A) a#1
B) a#-1
C) a#0
D.) never

E.) None of the above.
—Letter corresponding to your answer to problem 22.

Problem 23. Consider the linear system

3x1 +2x9 +2x3 =
x1 + 229 4+ 33

2x1 — 2x3

I
w =

Il
o

Find the value(s) of for which the system has a solution.

Problem 24. Find the LU decomposition of the Hilbert matrix

H; =

== =
PN
[SHEEN I

Problem 25. Find a Cholesky decompositidii, = C”'C of the Hilbert matrix

1 1
HQ == |:1 %:| .
2 3
HereC is upper triangular.
Problem 26. Consider the linear system
21‘1 + 22 = -2
1 +3x9 = 1

Use the initial vectof0, 0]” and perform 3 Jacobi iterations to obtain an approximate solution. Given the actual sphufiof| r
compute the 2—norm of the error in the approximate solution you obtained.



Problem 27. Consider the linear system

2I1+l’2 = =2
r1+3rs = 1

Use the initial vectof0,0]” and perform 3 Gauss-Seidel iterations to obtain an approximate solution. Given the actual solutio
[ T é] 4 compute the 2—norm of the error in the approximate solution you obtained.

575

Problem 28. Use Newton’s method (just two iterations) with initial guess= 4 andy, = —6 to estimate a solution to the
nonlinear system

2 —2x+y = 1
r+zxy—2y = -8

Problem 29. (25 points).  The polynomial
ot 4 5% — 1922 — 292 + 42

has roots 1 and -2. Find the remaining 2 roots.




