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Instructions: =⇒
If you do not read the in-
structions, then how will
you know what to do? Read
them now.

Be sure to write your name
in the space above.

• You may use one note-sheetprepared in advance. You must put your name on your note-sheet, but
do notturn in your note-sheet. Your note-sheet must be letter size,8.5 × 11 inches, or A4 paper,
21× 29.7 cm, or smaller. You may write on both sides of your note-sheet.

• Note-sheets may not be shared. If you do not bring a note-sheet you will have to do without any
help notes.

• You may not use any books, notebooks nor additional note-sheets.

• You may use a calculator. Calculators and other equipment may not be shared.

• For work-out problemssketch your work neatly. Highlight your answer by drawing a frame around
it. Scratch out irrelevant or incorrect work so it will be clear what you are submitting as a solution.
Give exact answers when possible. Simplify your answer when reasonable to do so. Partial credit
will be assigned only for relevant, clear, correct, legible work. If you do not show some relevant
work or explain your solution, your grade may be 0.

• For multiple-choice problemsindicate your choice in the answer box provided. You need not show
any work nor offer any explanations for your answer. If you need to do some work, you may do
it in the space provided, if any, or on the back of the examination sheets, but your work will not
be graded.You will be graded only on the letter you select and put in the provided answer box.
Note this test does not use a scantron.

• Use the backs of the examination sheets for scratch work.

You are expected to have a scientific calculator for use on this test. Note thatlog(x) means thenatural logarithmof x.

Problem 1. (30 points). A lower triangular matrixL is said to beunit lower triangularif its diagonal entries are all ones.
Thus a2× 2 unit lower triangular matrixL is of the form

L =
[

1 0
x 1

]
.

A basic fact is: Let A be an × n symmetric positive definite matrix. Then there exits a unit lower triangular matrixL and a
diagonal matrixD with positive diagonal entries such thatA = LDLT .

If

A =
[

2 −2
−2 3

]
then find a unit lower triangular matrixL and and a diagonal matrixD such thatA = LDLT .

Problem 2. (30 points). DetermineA,B andC such that the (silly) quadrature formula

Q(f) = A f(
1
4
) + B f

(
3
4

)
+ C f(1)

is exact for the integral ∫ 1

0

f(x) dx

if f(x) is a polynomial of degree≤ 2, that is, is exact forf(x) = 1, f(x) = x andf(x) = x2.

Find the error inQ(x4), as an approximation to
∫ 1

0

x4 dx.



Problem 3. (30 points). DetermineA,B andC such that the quadrature formula

Q(f) = A f(0) + B f

(
1
2

)
+ C f(1)

is exact for the integral ∫ 1

0

f(x)x3 dx

if f(x) is a polynomial of degree≤ 2, that is, is exact forf(x) = 1, f(x) = x andf(x) = x2.

Problem 4. (30 points). If we approximate the integral∫ b

a

f(x) dx

of a certain functionf on a certain interval[a, b] by the compound trapezoidal rule withn subintervals,T (n), we obtain

T (24) = 1.26112, T (48) = 1.26291, T (96) = 1.26335

Use this information to compute the Simpson’s rule estimates withn subintervals,S(n), for n = 48 andn = 96.

Problem 5. (30 points). Find the interpolation polynomial of degree≤ 3 through the points(1, 3), (2, 2), (3, 1) and
(4, 5).

You may use the monomial basis, Lagrange basis or Newton basis, as you please.

Problem 6. (30 points). Find the polynomial

p(x) = a + b x2 −
(x

4

)4

which, in the sense of least squares, best fits the data points

(1.0, 1.1), (2.0, 2.3), (3.0, 9.1), (4.0, 4.2).

Problem 7. (30 points). Consider the system

3 x− y = 3
−x + 5 y = 5

The solution to this system is clearlyx =
10
7

andy =
9
7

. Suppose we perform a Jacobi iteration with initial guessx = 1 and

y = 2. Compute the next 3 Jacobi iterates. Does the Jacobi iteration appear to converge to the solution?

Remark: The Jacobi (or Gauss-Jacobi) iteration is the fixed point iteration we obtain by separating out the diagonal terms.



Problem 8. (30 points). Consider the system

3 x− y = 3
−x + 5 y = 5

The solution to this system is clearlyx =
10
7

andy =
9
7

. Suppose we perform a Gauss-Seidel iteration with initial guessx = 1
andy = 2. Compute the next 3 Gauss-Seidel iterates. Does the Gauss-Seidel iteration appear to converge to the solution?

Remark: The Jacobi (or Gauss-Jacobi) iteration is the fixed point iteration we obtain by separating out the diagonal terms. The
Gauss-Seidel iteration is the modification where we use the updated value of an iterate as soon as it is obtained.

Problem 9. (30 points). Write a brief technical essay, in decent English, describing the topic in Mth 351 which you most
enjoyed. Your essay should contain some relevant technical facts or equations.


