MTH 611 NOTES.  April 26, 2003* | Summary — Week 4

We showed a functiorf analytic in an open disb(a, R), R > 0, is the sum of a convergent power series

f(z) = Z en(z—a)"
n=0

in the disk. Note it follows that the series has radius of convergenéeand

1
Cn = (a).

In the course of the proof we showed the coefficients are given by

_ 1 f(w)
C”_Qm[/ (w — a)n 1

wherey(t) = a + re'’ for anyr with 0 < » < R. Animmediate consequence is the Cauchy inequalities

M
len | < TELT), 0<r<R

where
M(r) = max |f(2)].

| z—al|=r

A consequence of the Cauchy inequalities is

Theorem 1 (Liouville) If f is an entire function and there exist constatts A, B and¢ < 1 such thatf
satisfies one of the following inequalities

Lfx) =M
2. | f(z)| < A+ Blog(1+|z])
3. |f(x)| <A+ B[z

for eachz € C, thenf is constant.

The first two bounds are stronger than the last, so it suffices to show that the third inequality ifnplesstant.

A similar argument shows

Theorem 2 If f is an entire function and there exist constadtandm such that
[ () < AL+ [z ])" log(2+ | 2])

for eachz € C thenf is a polynomial of degreg m.

From Liouville’s theorem we deduced the Fundamental Theorem of Algebra,
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Theorem 3 (FTA) Any nonconstant polynomial has a root.

By invoking a bit of algebra we then showed that each polynomial factors into a product of a constant factor and
factors of degree 1 (ovér).

We can also factor analytic functions to some extent by using the local power series representation. Thus we
have

Theorem 4 Let() be an open set i€ and letf:Q) — C be analytic. Ifa € 2 and we define

Q-1 4,
o= {f’(a), c=a

theng is analytic in{2.

In particular ifa is a root of f we have
f(2) = (z = a)g(2).

At this point, in the case of a root, it is hatural to wonder how often we can divide. Here again the local power
series representation comes to the rescue by giving us:

Lemmab5 Let() be an open set it and letf be a function analytic if. If
A= {aEQ | f(”)(a):0f0rn20}

then A is a relatively closed and open subsetbf
If 2 is connected thed = () or A = Q. In the second casgis identically0. We thus have

Lemma 6 If Q is a connected open set,is a function analytic o2 and f is not identically zero, then for each
z € Q there exists and integer, > 0 such that

F)(z) # 0.
The facts about the set above and a continuity argument yields

Theorem 7 (Identity Theorem) Let(2 be a connected open set, let(2 — C be analytic, and letz,,),>1 be a
sequence i) such thatf(z,) = 0 forn > 1. If (2,,),>1 has an accumulation point ift then f is identically
zero in.

If we apply the last lemma above #dz) — f(a) and make use of the local power series representation we see
easily

Theorem 8 Let Q2 be a connected open set@and let f be a honconstant analytic function {&. Then for
eacha € () there exists a unique integet > 1 and a unique functiog analytic in(2 such thatf(z) — f(a) =

(m) (g
(z —a)™g(z) andg(a) # 0. Moreoverg(a) = fT,()



Note it follows that the roots of in 2 are isolated. This fact also follows more directly from the identity theorem
above.

By finite induction we now obtain

Theorem 9 Let (2 be a connected open set and fet () — C be analytic. Supposg has only finitely many
roots in{2, sayai,as, - - - ,a,. Then there exist unique positive integers, mo, - - - , m,, and a unique function
g analytic inQ2 such thaty(z) # 0 for eachz € Q2 and

f2)=(z=a))™ (z = a2)™ - (2 = an)™ g(2)
for eachz € Q.
Note we callm;, the multiplicity of the rootay.

Now let h be any function analytic if2 and letf andg be as above. Then

) meh) |, d (@)
M) T 2w M)

for z € 2. Note that the last term is analytic {hsinceg(z) # 0 for eachz € (.

Now suppose that is a closed contour if2 and suppose tha&? is a rectangle or a disk. Then by the Cauchy
theorem and the Cauchy Integral theorem we have

1 F)
o / e g de = 3 mrro0) blow).

As a special case #f is a circle (traversed once) surrounding the roots we have
1 f'(2) -
i q dz = q
%/v a5 s ;mka ,

that is, the integral gives us the power sums of the roots. (This fact is important in connection with the Weierstrass
Preparation theorem (Vorbereitungssatz) - see the notes on my web page.)

As a special casg = 0 gives us the number of roots, counted according to multiplicity, “inside” the circle

1 F'z) .«
o ; 72) dz-kzzjlmk.

As another special case consider when we have a circle surrounding a singteofaatltiplicity 1. Then we

have
1 [ 2f'(2)

o ), J)

Suppose instead of roots ¢fz) we look at rootsf ~! (w) of f(z) — w. Then we obtain (with some care)

1 !
) = o [ 2
2mi ), f(z) —w
Since we can differentiate under the integral sign this expression allows to concluge thaianalytic whenf
is one-to-one.

dz=a

A consequence Cauchy inequalities and the FTA is
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Theorem 10 Let f be an entire function. Thefiis a polynomial if and only if

lim | f(z)]

| z|—o0

exists. The limit is finite if and only jf is constant.
The Cauchy integral theorem instantly yields the Mean Value Theorem

Theorem 11 Let 2 be an open subset @, leta €  and letR = dist(a,0Q2). If f is analytic inQ2 and
0 <r < Rthen

1 27
fla) = — f(a—i—re ) de

fla) = 7rr2/ flx +iy) dedy.

An interesting consequence of the theorem above and the Cauchy—Schwarz inequality is,

Corollary 12 For each functionf analytic in<2 and each compact subskt of 2 we have
1

Iznez%‘f( HSW £l

Thus convergence of a sequence of analytic functiong j2Limplies uniform convergence on compact subsets
of Q. (This works for [”-convergence as well.)

If fisanalyticinD(a, R) then
Z cn z — a
n=0

with normal convergence if(a, R). It follows

o0

fla+ reie) = Z cp, et

n=0

and the convergence is uniform én(and inr for 0 < r < ro < R). Note this is really a Fourier series. By
making use of the uniform convergence we obtain

Theorem 13 (Gutzmer) If f is analytic inD(a, R) then
1 21
o

2 >0
fatre®)| a0 =3 |enl r*
n=0

where thec,, are the coefficients in the power series expanssighaifa.

Note the Gutzmer equality immediately implies the Cauchy inequalities. Note also it is really a special case of
the Parseval-Plancherel theorem for Fourier series.

Next week we will look at the maximum principle, open mapping principle and other properties of analytic
functions. In particular we will obtain a very beautiful and simple proof of the maximum principle based on the
Gutzmer equality.



