MTH 611 NOTES. May 7, 2003" | Summary — Week 5

Theorem 1 (Maximum Principle). Let) be a connected open set@and letf be analytic inQ. If | f| has a
local maximum irf2 then f is constant ir2.

We gave two proofs — one based on the Mean Value Theorem and one based on Gutzmer’s identity. The proof
based on Gutzmer’s identity goes as follows:

Proof. If f(z) =307 cu(z —a)"in D(a,R),0 <r < Rand| f(a)| > | f(a+ rel?) | for 0 < 6 < 27 then
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A very useful reformulation of the maximum principle is:

Theorem 2 (Maximum Principle). Let) be a bounded open set@ Let f be a continuous function dn and

assumef is analytic inQ2. Then
sup | f(2) | = max | f(2) .
2€Q z€00)

If Q is connected and there exists 2 such that f(z) | = max,eaq | f(w) | thenf is constant irf2.

The functionf(z) = ¢ inQ = {x+1iy | |y| < % } provides a counter-example in the case fds un-
bounded. Later we will study some delicate maximum principles for unbounded domains.

Theorem 3. LetQ2 be a connected open subset®fnd let f be a nonconstant analytic function §a If | f |
has a local minimum ai € Q2 thenf(a) = 0.

Schwarz’s lemma is a nice application of the maximum principle. It illustrates how we estimate a quotient by
stepping away a bit from the roots of the denominator and the applying the maximum principle. We will use
Schwarz's lemma later to characterize the automorphisms of the unit disk.

Theorem 4. Supposé¢ is analytic inD(a, R) whereR > 0. If f(0) =0and| f(z) | < M for z € D(a, R) then

1 ]f(z)] < %]z]forzeD(a,R),and
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If we have equality in (1) fot # 0, or if we have equality in (2), thefi(z) = cz where|c¢| = M/R.

If ad — be # 0 we define the Mbius transformatio® by

az+b

k(z) = cz+d
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We regardR as mapping the Riemann sphétg, (the one point compactification @) into itself by defining

R(oo) = {gifc7é0,

oo if ¢ =0.

and by definingR(—d/c) = oo if ¢ # 0. It follows that R is a homeomorphism of the Riemann sphere. The
inverse map is given by

R(w) = M
cCWw —a
The Mobius transforms form a groupl (under composition) of homeomorphisms of the Riemann sphere and
the natural map

®:GL(2,C) - M

is a homorphism of groups with kernel

ker(®) ={ A | Ae C,LA#0}.

Each Mbbius transformation is clearly the composition of (some of) homotheties (rotations and dilations), trans-
lations and inversion. Thus if we define “circle” to mean a circle or a line, thébité transfomations map

“circles” to “circles.” If « € D(0, 1) then
Z—Q

Pa(z) =

- 1—az
is a Mdbius transformation mapping the unit circle to itself. Siggga) = 0 it is clear thatp,, is a homeomor-
phism of the unit diskD(0, 1) onto itself. Note

$a 0 Q3 =@ ats -

1+ap

In particular,g, ! = ¢_,.

By dividing by ¢, or composing with)_, we obtain:

Theorem 5 (Schwarz).Leta € D(0, 1), let f be analytic inD(0, 1) and supposéf(z)| < 1 and f(«) = 0.
Then
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1 |f(2)| < = for z € D(0,1), and
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If we have equality in (1) for some+# «, or equality in (2), therf = c¢,, for somec with | ¢| = 1.

Aside: At this point we took a break from analysis and examined how the geometry of an open set
enters into the questions of existence of a primitive (and Cauchy’s theorem).

Let 2 be a connected open set@hand letf be analytic inQ2. Let Dy be a sequence of disks with
unionQ. Thenf has a primitiveF, in Dy. If D; N Dy, # () thenF; — Fj, is a constanb,y, in the
connected seb; N Dy,. Clearly

bjk:“‘bkj = OiijﬂDk#(b,
bjk+bk:l+blj = OiijﬂDkﬂDl?ém,



that is, b is aCech 1-cocycle. Suppose has trivial 1-cohomology. Then we can find a 0-chain
with coboundary. That is, there exist constantssuch that

bjk:Ck—Cj, if DjﬁDk;«éW.
It follows that F; + ¢; = Fj, + ¢ in D N Dy, for eachy, k. Thus there exists a functidfiin €2 such
that ' = Fj + ¢, in Dy, for eachk. Clearly F' is a primitive for f.

I have simplified the discussion somewhat, but we are led to exp&@®, C) = 0 to be a sufficient
condition for the existence of a primitive for any analytic functiofin(lt is also necessary.)

Next we gave two proofs of the open mapping theorem:

Theorem 6. Open Mapping Lef2 be a connected open subsetbénd letf be a nonconstant analytic function
in Q. Thenf is open, that is, for each open subgebf 2, f(U) is an open set.

The proof in the text, due to Cardhdory, is an elegant and simple application of the minimum principle.
We also gave a proof by root counting (principle of the argument). Suppos¢ = wo. Chooser > 0 so
D(zp,7) C S Lety(t) = 2o + re and let3 = f o «. Then for eachw ¢ traj(3) we have the number(w) of
solutionsz in D(zp, r) of the equatiorf(z) = w, counted according to multiplicity, is given by

f'(z _ 1 1 _
27n/f =i fyu—wy VO

Sincen is clearly continuous itC ~ traj (ﬁ) and is integer valued, it is constant on each componefit ef
traj (). Thusn(w) = n(wp) in a neighborhood ofuy which implies the open mapping theorem.

Next we discussed Morera’s theorem:
Theorem 7 (Morera). Let(2 be an open set it and letf:{2 — C be a continuous function. Suppose

f(2)dz=0

OR
for each (small) rectangl& contained in2 and with edges parallel to the coordinate axes. Fhe analytic in
Q.

The proof ie wasy: The hypotheses impiyhas a primitive (which must be analytic since it is differentiable).
But then the local power series representation of the primitive, and the fact that we can differentiate convergent
power series term by term, implfyhas local power series representations and so is analytic.

Corollary 8. Let(2 be a an open subset &fand Iet(fn)n21 be a sequence of analytic functions{in If this
sequence is uniformly Cauchy on compact&ithenlim,, .~ f»(z) = f(z) exists for eachr € 2 and defines
a functionf in Q. Moreoverf is analytic andim,, .~ f, = f uniformly on compacta ifl.

Now let A(Q2) be the space of functions analytic &h Let K, be a sequence of compact subset$2okith
interiors with unionf2. Define

N oen Maxeer, [ f(2) —g(2) |
=22 1+ max.er, | f(2) — g(2) |

for f,g € A(Q). Thend is a complete metric or (2) andd induces the topology of uniform convergence on
compacta inf). Let L?(2) be the space of square-integrable function§oiRecall we showed (from the mean
value theorem) for each compact sub&eof 2 there is a constaritx > 0 such that

max| f(z) | < Cc |flly, 1 € A©) >

In particular, for eack € Q f — f(z) is anL? continuous linear functional oA(Q) N L?(Q).
Corollary 9. A(2) N L%(Q) is a closed subspace &Ff(£2) and so is a Hilbert space in the? inner product.



