MTH 611 NOTES. May 27, 2003 | Summary — Week 6-8

Let © be a connected set, I¢tbe a function analytic if2 and suppos¢(z) # 0 for eachz € Q. Theng is
called a branch of the logarithm ¢f or, less formally, a branch dfg f(z), if

1. g is analytic inQ

2. e9%) = f(z) for eachz € Q.

Actually, it suffices to assume continuity gf analyticity then follows.

We write g(z) = log f(z) to indicate thal is a branch oflog f(z). Be cautious. It's misleading to think of
log f(z) as a simple composition. Moreover the usual properties of logarithms do not hold without additional
hypotheses (the problem is in how the argument is determined).

We have not discussed simply connected sets yet, but we will shortly. For now it suffices to kflolw &
simpply connected open subset®fnd~ is a closed contour then

Lf(z) dz=0

for each functionf analytic inf2. We have already seen that open sets which are star-shaped at a point, or less
generally are convex, do in fact satisfy this condition. We will see shortly that star-shaped sets are in fact simply
connected.

Theorem 1. If Q is a simply connected open s¢t; 0 — C is analytic, f(z) # 0 for eachz € Q, zy € Q,
e = f(zp) and for eache € (2, ~, is a contour joiningz to z, the

£'(u)
)

define a branch ofog f(z) with g(zp) = wo. Moreover ifh is a branch oflog f(z) with h(zg) = wo then
h(z) = g(z) for eachz € Q.

9(z) = wo +

We proved in class that is a branch ofog f. For the last part note thagt(z) — h(z) = 27ik(z) wherek is
integer valued and continuous (singe- A is continuous). Sinc is connected: is constant. Buk(zy) = 0.

Corollary 2. If g is a branch oflog f in an open sef2 theng/(z) = J;:((j)) for z € Q.

Corollary 3. If Q is a simply connected open set then for each (2 there is a branch ofog(z — a) in Q. In
particular -1 has a primitive inf.

An immediate and important consequence of the last corollary above is

Corollary 4. If Q is a simply connected open set@and is a closed contour i then for eachu ¢ Q2 we
have

v(vy,a) = 0.
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The principal branch dfog z is defined as follows. The domain is
Q={ze€C | z2¢ (—00,0] }.

Note that2 is simply connected (since it is star-shaped). For eaeH) we have a unique argumethsuch that
z=re", r=|z|, |0]<m.

We define
log z = logr + i6

wherelog r denotes the usual logarithm of the positive real number
Application

The complex logarithm comes up even in real analysis. As an example, suppose we are interested in

[y,

whereg is, for example, continuously differentiable and vanishes outside a compact set. This integral in general
is divergent, so we study instead the principal value

lim @dx,
€l0 |z |>e T

which is easily seen to exist (for example, by integration by parts — see below).
Another approach to “regularizing” the divergent integral is to step into the complex plane and to consider

o0
lim (:E)
yl0 J_o T+

Fory > 0 integration by parts yields

G R —/OO log(z + iy)¢' (z) dz

oo TH Y —oo

where we use the principal branch of the logarithm. Now

log|z|ifz>0

limlog(z +iy) = :
yl0 Bl v) {iTr+log|:U||f;U<0

By dominated convergence (usitwg | x | is locally integrable) we obtain

o) 0 o)
lyiFol/oo log(z +iy)¢'(z) dz = iﬂ/oo &' () d:z:+/oo log|z| ¢ (z) dx

= im¢(0) + lim log|z|¢'(z) dz
€l0 J)z|>e
By integration by parts the last integral is
o~ opioge— [ A ag
|z|>e L



Sinceeloge — 0 ase | 0 the first term goes t0. Thus we have

lim qb(x) dz = —im¢(0) + lim — d(x).
yl0 J oo T+ 1Y eld Jiz|>e

lim< 1‘ >:—iﬂ'5—i—PV<1>.
yl0 \ T + 1y x

This equation is called Dirac’s equation. Hérdenotes Dirac’s delta. Note the same argument shows

lim( 1, ):i7r5+Pv(1>.
yl0 \ T — 1y T

1oy
m——5——5 = 0.
ylo ™ x2 + 12

This is the Poisson equation for the upper half plane. It means

lim ~ / LI CORp T

yl0 ; o0 x? —|—y2

In distribution notation we have

which yields (by subtraction)

for each continuously differentiable functignwith compact support.
Removable Singularities

As a consequence of Morera’s theorem we obtain

Theorem 5. Le Q) be an open subset 6fand letf : 2 — C be continuous. Lel c Q2 be a closed line segment.
Suppose is analytic in€2 ~ L. Thenf is analytic in{Q.

If we apply the previous result to the short segmém} and we use the fact that an analytic function which
vanishes at a point has an analytic quotient when divided by- a, we obtain

Theorem 6 (Riemann Removable Singularity Theorem)If f: D(a,r) — {a} — C is analytic and

lim(z —a)f(z) =0

zZ—a

then f continues uniquely to an analytic functionina, r).

The phrase “continues to” is the traditional way of saying “extends to” in complex analysis.

Corollary 7. If f: D(a,r) ~{a} — C is analytic and| f | is bounded orD(a,r) ~ {a}, then f continues
uniquely to an analytic function oP(a, ).

Theorem 8 (Schwarz Reflection Theorem)LetII™ = {2z € C | $(z) > 0} be the open upper half plane.
LetQ be an open subset df". Let L be a line segment on the real life Assume for each € L there is
rq > 0 such that

D(a,r,) NIIT C Q.

LetQ*={ze€C | z€ Q}. Then
U =QULUQ*

is an open subset @f. Suppose is analytic in2 and there exists a real valued functigrsuch that
lim f(z +iy) = g(z)
yl0

uniformly forz in compacta inL. The there existg’ analytic in€2 such that
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1. F(z) = F(z)for z € Q.
2. F(z) = f(z) for z € Q.

Actually it suffices to assume for each sequengavith z, — a € L we haveSm(f(z)) — 0. This fact is
harder to prove and requires some knowledge of harmonic functions.

Simply Connected Sets

The definition of a simply connected set is subtle: a connected opéhisaimply connected if for each ¢ 2
and eacle > 0 there is a continuous may [0, co) — C such that

1. v(0)=a
2. distgy(t),C ~ Q)< eforallt >0

3. limy— 00 Y(t) = 00.

An example of a simply connected open set whose complement is not arc-connected is given in our text.

Theorem 9. Let (2 be a simply connected open setGrand let K be a compact subset €. If 0K C € then
K cQ.

Theorem 10. If Q is an open set star-shaped at some poiat§2 then(? is simply connected.

Corollary 11. If 2 is a convex open set théhis a simply connected set.

Cauchy Theorem

Now we give a bootstrap argument to obtain a fairly useful version of the Cauchy theorem.

Lemma 12. Let Q2 be a simply connected open set and+ebe a simple closed piecewise linear path{in
consisting of only horizontal and vertical segments. Then

Lf(z) dz=0

for eachf analytic in.
Lemma 13. If f is analytic in a simply connected open §ethen f has a primitive int.

Theorem 14 (Cauchy Theorem for simply connected sets).et(2 be a simply connected open set andfléte
analytic inQ. If v is a closed contour i then

[yf(z) dz =0.

Note how the proof goes: first we prove a simple version of the Cauchy theorem for a very restrictive class of
closed contours. This result is good enough to obtain a primitive for each analytic functibnBaot then the
Cauchy theorem for an arbitrary closed contour follows by the Fundamental Theorem of Calculus.

There are other versions of the Cauchy theorem, for exarfpheay be an arbitrary open set in which case we
may require that be null-homotopic (or, for a stronger theorem, null-homologous).
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Isolated Singularities

If fis analyticinD(a,r) ~ {a} wherer > 0 then we sayf has an isolated singularity at We classified the
isolated singularities as removable singularities, polar singularities (poles) and essential singularities.

The isolated singularity is removable if there is an analytic functigrin D(a, ) such thayp(q){a} = f- A
sufficient condition ig f | be bounded in a neighborhood af

The isolated singularity: is a pole of ordern > 0 if (z — a)™f(z) has a removable singularity atbut
(z — a)™ 1 f(z) does not.
The isolated singularity is essential if it is not removable and is not a pole.

Theorem 15 (Casorati-Weierstrass).Let (2 be an open set, let € Q and letf:Q ~ {a} — C be analytic. If
a is an essential singularity fof then the imagg (2 ~ {a}) is dense irC.

Theorem 16. If f has an isolated singularity at thena is a pole forf if and only iflim, ., | f | = oc.

Laurent Decomposition and Laurent Series

Let0 < r; < ry < co. Then we define the annulus
D(a,ri,ma)={2€C | m<|z—a|<ra2}.
Note thatD(a, 0, r) is just the punctured disR(a,r) ~ {a}.

Theorem 17 (Laurent Decomposition).Let f be analytic in the annulu®(a, r1,72). Then there exist unique
functionsf; and f> such that

1. fyisanalyticinD(0,72),

2. fyisanalyticinD(0,1/r1),

3. f2(0) =0, and

4. f(2) = fi(z—a) + fo((z —a)7Y) for z € D(a,r1,79).

Note f(z — a) is called the regular part gf and f2(1/(z — a)) is called the principal part.

Theorem 18 (Laurent Series).Let f be analytic in the annulu®(a, 1, r2). Then

e}

f2)= ) calz—a)"

n=—0oo

with normal convergence ib(a, r1,72). This series is unique. i < r < r then

1 f(2)
. = o S
¢ 2mi | z—a|=r (Z - a)n-l—l ‘

o 2

_ —inf
= o ) fla+re™™") db.

for anyn € Z. Moreover we have the Gutzman equality

1 2w . ) &
fatre®)| a0 =3 fenPrn

n=—oo

27 Jo



Corollary 19 (Cauchy inequalities). With the hypotheses of the previous theorem if

M(r) = max |f(z)]

| z—al|=r

we have

M
]cﬂﬁ#, ri<r<ry, née€m.
T
The proof of the Laurent series expansion depends on the lemma:

Lemma 20. If f is analytic inD(a,r1,72) then the integral

/| RCLE

is independent af for rqy < r < rs.

With a single exception each term in the Laurent series has a primitive. Since we have uniform convergence on
compact subsets dd(a, 1, 2) it follows that if v is a closed contour iV (a, r1,72) then

1
2mi

/f(z) dz =c_1v(y,a).
.

Theorem 21. If f is analytic inD(a,r1,72) then there is a unique constasuch that

b
z—a

f(z) -

has a primitive inD(a, r1,72). Moreover
b= C_1

wherec,, is then'” Laurent coefficient of relative toD(a, 71, 72).

We callc_; theresidueof f relative toD(a, 1, r2) and writeRes( f, D(a, r1,r2) forit. In caser; = 0 we speak
of the residue off ata (since it does not depend o) and writefRes( f, a) for it.

Another way to prove the theorem above is to to differentiate a suitable normally convergent series term by term.
That we can do so follows from

Lemma 22. Let{2 be an open subset @f. Let f,, be a sequence of functions analyticirand suppos¢;,, — f
uniformly on compact subsets@f Thenf is analytic onQ2 and f], — f’ uniformly on compact subsets©f

Now considerf analytic inD(a,r) ~ {a}, so

f)= ) calz—a)"

n=—0oo

with uniform convergence on compactalia, ) ~ {a}.

¢ f has aremovable singularity @if and only if ¢,, = 0 for n < 0.

e f has apole of orden > 0 ata if and only if ¢, = 0 for n < —m andc_,, # 0.
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e f has an essential singularityatf and only if ¢,, # 0 for some sequence | —cc.

Suppose now that has a pole of ordex m ata. Then clearly
1 d\"™!
wes(foa) =t ot () (G- sl
For a pole of ordeK 1 this simplifies to
Res(f,a) = lim(z —a) f(2).

zZ—a

For an essential singularity we do not have a convenient formula for the residue.

Example computing a simple Laurent expansion

Consider ) ) )
(z) = (z—1)(2—2) T -2 z-1
To expandf(z) in a Laurent series il < | z | < 2, for example, we expand each term above
1 11 =~ 1
2_2:—51_£:—szn7 f0r’2‘<2,
2 n=0
and -
1 1 1 1
z n=0
Thus

—27 =1 jfn>0
Cp = .
-1 ifn<O.

Examples computing residues
Supposef andg are analytic inD(a,r), f has a root of multiplicity» ata, g has a root of multiplicityn ata

andm > n. Thenf /g has a pole of ordef, — n ata and
Res | —,a)=1lim ———— [ — zZ—a .
(g z—a (mfnfl)! ( ) g(Z)

m=1,n=0,

f(a)
e (ga) )
m=2,n=0,
Res (L,a — 2 3f'(a)g"(a) — f(a)g" (a)
(g ) 3 (g//(a))2
m=2n=1,
2f'(a)
mes (foa) - = g"(a)
m=3,n =0,
mes (La) =& 7@ @ 5 450 (@) + 207 w)g " g o) 5 gV o)
g’ 40 7" (a)?
m=3,n=2,
f”(a)
(b))



Try working out a few yourself (or check the ones above).
Winding Numbers

If v is a closed contour and¢ traj(~y) then

v( a)—l/ dz
i C2m L Z—a

is the winding number of abouta or the index ofy ata. We have made use of it several times without knowing
much about it.

Theorem 23. v(~, a) is an integer.

Note from the definition that(~, ) depends continuously anfor a ¢ traj(y). Since it is integer valued it must

be constant on each componentof traj(y). Since the trajectory of is compact it must lie inside some disk.

The complement of the disk is connected and so lies in a componéhtotraj(+). All other components lie

in the disk and so are bounded. By considering a tangent line to the disk we obtain a half plane that does not
intersect the trajectory of. Fora in this half plane there is branch bfg(z — a) in the complementary half plane
containing the trajectory of. Thusv(y,a) = 0. Since the winding number is constant on components we have

Theorem 24. If v is a closed contour it there is a uniqgue unbounded componentof traj(y). For a in this
unbounded component we haxey, a) = 0.

Theorem 25 (Jordan). The complement of a simple closed curve in the plane has two components.

By the discussion above one component is bounded and the other is not.

A simple closed contouyy parametrized so that(y,a) = 0,1 for eacha not on the trajectory, is said to be
regular. We call{a ¢ traj(y) | v(vy,a) =1} theinsideof 4. The inside component obviously is the unique
bounded component. The unbounded component we cadlutsédeof v (even ify is not simple).

Residue Theorem

Theorem 26 (Residue Theorem).Let 2 be a simply connected open set@Ghand let f be analytic inQ
apart from a finite number of distinct isolated singularities, as,--- ,a.,,. Let~ be a closed contour in
Q~ {al, ag, - ,am}. Then

1 / i
— (7, ax) Res(f, ax,).
27 J, kz::

If v simple regular closed contour then

i | 1(2) 4 = Yo es(f. )

where the sum is ovet;, inside~.

There are more general versions of the residue theorem.



