
MTH 611 NOTES: May 27, 2003∗ Summary – Week 6–8

Let Ω be a connected set, letf be a function analytic inΩ and supposef(z) 6= 0 for eachz ∈ Ω. Theng is
called a branch of the logarithm off , or, less formally, a branch oflog f(z), if

1. g is analytic inΩ

2. eg(z) = f(z) for eachz ∈ Ω.

Actually, it suffices to assume continuity ofg – analyticity then follows.

We write g(z) = log f(z) to indicate thatg is a branch oflog f(z). Be cautious. It’s misleading to think of
log f(z) as a simple composition. Moreover the usual properties of logarithms do not hold without additional
hypotheses (the problem is in how the argument is determined).

We have not discussed simply connected sets yet, but we will shortly. For now it suffices to know ifΩ is a
simpply connected open subset ofC andγ is a closed contour then∫

γ
f(z) dz = 0

for each functionf analytic inΩ. We have already seen that open sets which are star-shaped at a point, or less
generally are convex, do in fact satisfy this condition. We will see shortly that star-shaped sets are in fact simply
connected.

Theorem 1. If Ω is a simply connected open set,f : Ω → C is analytic,f(z) 6= 0 for eachz ∈ Ω, z0 ∈ Ω,
ew0 = f(z0) and for eachz ∈ Ω, γz is a contour joiningz0 to z, the

g(z) = w0 +
∫

γz

f ′(u)
f(u)

du

define a branch oflog f(z) with g(z0) = w0. Moreover ifh is a branch oflog f(z) with h(z0) = w0 then
h(z) = g(z) for eachz ∈ Ω.

We proved in class thatg is a branch oflog f . For the last part note thatg(z) − h(z) = 2πik(z) wherek is
integer valued and continuous (sinceg − h is continuous). SinceΩ is connectedk is constant. Butk(z0) = 0.

Corollary 2. If g is a branch oflog f in an open setΩ theng′(z) = f ′(z)
f(z) for z ∈ Ω.

Corollary 3. If Ω is a simply connected open set then for eacha /∈ Ω there is a branch oflog(z − a) in Ω. In
particular 1

z−a has a primitive inΩ.

An immediate and important consequence of the last corollary above is

Corollary 4. If Ω is a simply connected open set inC andγ is a closed contour inΩ then for eacha /∈ Ω we
have

ν(γ, a) = 0.
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The principal branch oflog z is defined as follows. The domain is

Ω = { z ∈ C | z /∈ (−∞, 0] } .

Note thatΩ is simply connected (since it is star-shaped). For eachz ∈ Ω we have a unique argumentθ such that

z = reiθ, r = | z | , | θ | < π.

We define
log z = log r + iθ

wherelog r denotes the usual logarithm of the positive real numberr.

Application

The complex logarithm comes up even in real analysis. As an example, suppose we are interested in∫ ∞

−∞

φ(x)
x

dx

whereφ is, for example, continuously differentiable and vanishes outside a compact set. This integral in general
is divergent, so we study instead the principal value

lim
ε↓0

∫
|x |>ε

φ(x)
x

dx,

which is easily seen to exist (for example, by integration by parts – see below).

Another approach to “regularizing” the divergent integral is to step into the complex plane and to consider

lim
y↓0

∫ ∞

−∞

φ(x)
x + iy

dx.

Fory > 0 integration by parts yields∫ ∞

−∞

φ(x)
x + iy

dx = −
∫ ∞

−∞
log(x + iy)φ′(x) dx

where we use the principal branch of the logarithm. Now

lim
y↓0

log(x + iy) =

{
log |x | if x > 0
iπ + log |x | if x < 0

By dominated convergence (usinglog |x | is locally integrable) we obtain

lim
y↓0

∫ ∞

−∞
log(x + iy)φ′(x) dx = iπ

∫ 0

−∞
φ′(x) dx +

∫ ∞

−∞
log |x |φ′(x) dx

= iπφ(0) + lim
ε↓0

∫
|x |>ε

log |x |φ′(x) dx

By integration by parts the last integral is

(φ(−ε)− φ(ε)) log ε−
∫
|x |>ε

φ(x)
x

d(x).
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Sinceε log ε → 0 asε ↓ 0 the first term goes to0. Thus we have

lim
y↓0

∫ ∞

−∞

φ(x)
x + iy

dx = −iπφ(0) + lim
ε↓0

∫
|x |>ε

φ(x)
x

d(x).

In distribution notation we have

lim
y↓0

(
1

x + iy

)
= −iπδ + Pv

(
1
x

)
.

This equation is called Dirac’s equation. Hereδ denotes Dirac’s delta. Note the same argument shows

lim
y↓0

(
1

x− iy

)
= iπδ + Pv

(
1
x

)
.

which yields (by subtraction)

lim
y↓0

1
π

y

x2 + y2
= δ.

This is the Poisson equation for the upper half plane. It means

lim
y↓0

1
π

∫ ∞

−∞

yφ(x)
x2 + y2

dx = φ(0)

for each continuously differentiable functionφ with compact support.

Removable Singularities

As a consequence of Morera’s theorem we obtain

Theorem 5. LeΩ be an open subset ofC and letf :Ω → C be continuous. LetL ⊂ Ω be a closed line segment.
Supposef is analytic inΩ ∼ L. Thenf is analytic inΩ.

If we apply the previous result to the short segment{a} and we use the fact that an analytic function which
vanishes at a pointa has an analytic quotient when divided byz − a, we obtain

Theorem 6 (Riemann Removable Singularity Theorem).If f :D(a, r)− {a} → C is analytic and

lim
z→a

(z − a)f(z) = 0

thenf continues uniquely to an analytic function inD(a, r).

The phrase “continues to” is the traditional way of saying “extends to” in complex analysis.

Corollary 7. If f : D(a, r) ∼ {a} → C is analytic and| f | is bounded onD(a, r) ∼ {a}, thenf continues
uniquely to an analytic function onD(a, r).

Theorem 8 (Schwarz Reflection Theorem).Let Π+ = { z ∈ C | =(z) > 0 } be the open upper half plane.
Let Ω be an open subset ofΠ+. Let L be a line segment on the real lineR. Assume for eacha ∈ L there is
ra > 0 such that

D(a, ra) ∩Π+ ⊂ Ω.

LetΩ∗ = { z ∈ C | z ∈ Ω }. Then
Ω1 = Ω ∪ L ∪ Ω∗

is an open subset ofC. Supposef is analytic inΩ and there exists a real valued functiong such that

lim
y↓0

f(x + iy) = g(x)

uniformly forx in compacta inL. The there existsF analytic inΩ such that
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1. F (z) = F (z) for z ∈ Ω1.

2. F (z) = f(z) for z ∈ Ω.

Actually it suffices to assume for each sequencezn with zn → a ∈ L we have=m(f(z)) → 0. This fact is
harder to prove and requires some knowledge of harmonic functions.

Simply Connected Sets

The definition of a simply connected set is subtle: a connected open setΩ is simply connected if for eacha /∈ Ω
and eachε > 0 there is a continuous mapγ : [0,∞) → C such that

1. γ(0) = a

2. dist(γ(t), C ∼ Ω)< ε for all t ≥ 0

3. limt→∞ γ(t) = ∞.

An example of a simply connected open set whose complement is not arc-connected is given in our text.

Theorem 9. Let Ω be a simply connected open set inC and letK be a compact subset ofC. If ∂K ⊂ Ω then
K ⊂ Ω.

Theorem 10. If Ω is an open set star-shaped at some pointc ∈ Ω thenΩ is simply connected.

Corollary 11. If Ω is a convex open set thenΩ is a simply connected set.

Cauchy Theorem

Now we give a bootstrap argument to obtain a fairly useful version of the Cauchy theorem.

Lemma 12. Let Ω be a simply connected open set and letγ be a simple closed piecewise linear path inΩ
consisting of only horizontal and vertical segments. Then∫

γ
f(z) dz = 0

for eachf analytic inΩ.

Lemma 13. If f is analytic in a simply connected open setΩ thenf has a primitive inΩ.

Theorem 14 (Cauchy Theorem for simply connected sets).LetΩ be a simply connected open set and letf be
analytic inΩ. If γ is a closed contour inΩ then∫

γ
f(z) dz = 0.

Note how the proof goes: first we prove a simple version of the Cauchy theorem for a very restrictive class of
closed contours. This result is good enough to obtain a primitive for each analytic function inΩ. But then the
Cauchy theorem for an arbitrary closed contour follows by the Fundamental Theorem of Calculus.

There are other versions of the Cauchy theorem, for example,Ω may be an arbitrary open set in which case we
may require thatγ be null-homotopic (or, for a stronger theorem, null-homologous).
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Isolated Singularities

If f is analytic inD(a, r) ∼ {a} wherer > 0 then we sayf has an isolated singularity ata. We classified the
isolated singularities as removable singularities, polar singularities (poles) and essential singularities.

The isolated singularitya is removable if there is an analytic functiong in D(a, r) such thatg|D(a,r)∼{a} = f . A
sufficient condition is| f | be bounded in a neighborhood ofa.

The isolated singularitya is a pole of orderm > 0 if (z − a)mf(z) has a removable singularity ata but
(z − a)m−1f(z) does not.

The isolated singularitya is essential if it is not removable and is not a pole.

Theorem 15 (Casorati-Weierstrass).Let Ω be an open set, leta ∈ Ω and letf :Ω ∼ {a} → C be analytic. If
a is an essential singularity forf then the imagef(Ω ∼ {a}) is dense inC.

Theorem 16. If f has an isolated singularity ata thena is a pole forf if and only iflimz→a | f | = ∞.

Laurent Decomposition and Laurent Series

Let 0 ≤ r1 < r2 ≤ ∞. Then we define the annulus

D(a, r1, r2) = { z ∈ C | r1 < | z − a | < r2 } .

Note thatD(a, 0, r) is just the punctured diskD(a, r) ∼ {a}.

Theorem 17 (Laurent Decomposition).Let f be analytic in the annulusD(a, r1, r2). Then there exist unique
functionsf1 andf2 such that

1. f1 is analytic inD(0, r2),

2. f2 is analytic inD(0, 1/r1),

3. f2(0) = 0, and

4. f(z) = f1(z − a) + f2((z − a)−1) for z ∈ D(a, r1, r2).

Notef(z − a) is called the regular part off andf2(1/(z − a)) is called the principal part.

Theorem 18 (Laurent Series).Letf be analytic in the annulusD(a, r1, r2). Then

f(z) =
∞∑

n=−∞
cn(z − a)n

with normal convergence inD(a, r1, r2). This series is unique. Ifr1 < r < r2 then

cn =
1

2πi

∫
| z−a |=r

f(z)
(z − a)n+1

dz

=
r−n

2π

∫ 2π

0
f(a + re−inθ) dθ.

for anyn ∈ Z. Moreover we have the Gutzman equality

1
2π

∫ 2π

0

∣∣∣ f(a + reiθ)
∣∣∣2 dθ =

∞∑
n=−∞

| cn |2 r2n.
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Corollary 19 (Cauchy inequalities). With the hypotheses of the previous theorem if

M(r) = max
| z−a |=r

| f(z) |

we have

| cn | ≤
M(r)

rn
, r1 < r < r2, n ∈ Z.

The proof of the Laurent series expansion depends on the lemma:

Lemma 20. If f is analytic inD(a, r1, r2) then the integral∫
| z−a |=r

f(z) dz

is independent ofr for r1 < r < r2.

With a single exception each term in the Laurent series has a primitive. Since we have uniform convergence on
compact subsets ofD(a, r1, r2) it follows that if γ is a closed contour inD(a, r1, r2) then

1
2πi

∫
γ
f(z) dz = c−1 ν(γ, a).

Theorem 21. If f is analytic inD(a, r1, r2) then there is a unique constantb such that

f(z)− b

z − a

has a primitive inD(a, r1, r2). Moreover
b = c−1

wherecn is thenth Laurent coefficient off relative toD(a, r1, r2).

We callc−1 theresidueof f relative toD(a, r1, r2) and writeRes(f,D(a, r1, r2) for it. In caser1 = 0 we speak
of the residue off ata (since it does not depend onr2) and writeRes(f, a) for it.

Another way to prove the theorem above is to to differentiate a suitable normally convergent series term by term.
That we can do so follows from

Lemma 22. LetΩ be an open subset ofC. Letfn be a sequence of functions analytic inΩ and supposefn → f
uniformly on compact subsets ofΩ. Thenf is analytic onΩ andf ′n → f ′ uniformly on compact subsets ofΩ.

Now considerf analytic inD(a, r) ∼ {a}, so

f(z) =
∞∑

n=−∞
cn(z − a)n

with uniform convergence on compacta inD(a, r) ∼ {a}.

• f has a removable singularity ata if and only if cn = 0 for n < 0.

• f has a pole of orderm > 0 ata if and only if cn = 0 for n < −m andc−m 6= 0.
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• f has an essential singularity ata if and only if cn 6= 0 for some sequencen ↓ −∞.

Suppose now thatf has a pole of order≤ m ata. Then clearly

Res(f, a) = lim
z→a

1
(m− 1)!

(
d

dz

)m−1

[(z − a)mf(z)] .

For a pole of order≤ 1 this simplifies to

Res(f, a) = lim
z→a

(z − a)f(z).

For an essential singularity we do not have a convenient formula for the residue.

Example computing a simple Laurent expansion

Consider

f(z) =
1

(z − 1)(z − 2)
=

1
z − 2

− 1
z − 1

.

To expandf(z) in a Laurent series in1 < | z | < 2, for example, we expand each term above:

1
z − 2

= −1
2

1
1− z

2

= −
∞∑

n=0

1
2n+1

zn, for | z | < 2,

and
1

z − 1
=

1
z

1
1− 1

z

=
∞∑

n=0

1
zn+1

, for | z | > 1.

Thus

cn =

{
−2−n−1 if n ≥ 0
−1 if n < 0.

Examples computing residues

Supposef andg are analytic inD(a, r), f has a root of multiplicityn at a, g has a root of multiplicitym at a
andm > n. Thenf/g has a pole of orderm− n ata and

Res

(
f

g
, a

)
= lim

z→a

1
(m− n− 1)!

(
d

dz

)m−n−1 [
(z − a)m−n f(z)

g(z)

]
.

m = 1, n = 0,

Res
(

f
g , a

)
=

f(a)
g′(a)

m = 2, n = 0,

Res
(

f
g , a

)
=

2
3

3f ′(a)g′′(a)− f(a)g′′′(a)
(g′′(a))2

m = 2, n = 1,

Res
(

f
g , a

)
=

2f ′(a)
g′′(a)

m = 3, n = 0,

Res
(

f
g , a

)
= − 3

40
−40f ′′(a)g′′′(a)2 + 4f(a)g(5)(a)g′′′(a) + 20f ′(a)g′′′(a)g(4)(a)− 5f(a)g(4)(a)2

g′′′(a)3

m = 3, n = 2,

Res
(

f
g , a

)
= 3

f ′′(a)
g′′′(a)
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Try working out a few yourself (or check the ones above).

Winding Numbers

If γ is a closed contour anda /∈ traj(γ) then

ν(γ, a) =
1

2πi

∫
γ

dz

z − a

is the winding number ofγ abouta or the index ofγ ata. We have made use of it several times without knowing
much about it.

Theorem 23. ν(γ, a) is an integer.

Note from the definition thatν(γ, a) depends continuously ona for a /∈ traj(γ). Since it is integer valued it must
be constant on each component ofC ∼ traj(γ). Since the trajectory ofγ is compact it must lie inside some disk.
The complement of the disk is connected and so lies in a component ofC ∼ traj(γ). All other components lie
in the disk and so are bounded. By considering a tangent line to the disk we obtain a half plane that does not
intersect the trajectory ofγ. Fora in this half plane there is branch oflog(z−a) in the complementary half plane
containing the trajectory ofγ. Thusν(γ, a) = 0. Since the winding number is constant on components we have

Theorem 24. If γ is a closed contour inC there is a unique unbounded component ofC ∼ traj(γ). For a in this
unbounded component we haveν(γ, a) = 0.

Theorem 25 (Jordan). The complement of a simple closed curve in the plane has two components.

By the discussion above one component is bounded and the other is not.

A simple closed contourγ parametrized so thatν(γ, a) = 0, 1 for eacha not on the trajectory, is said to be
regular. We call{ a /∈ traj(γ) | ν(γ, a) = 1 } the insideof γ. The inside component obviously is the unique
bounded component. The unbounded component we call theoutsideof γ (even ifγ is not simple).

Residue Theorem

Theorem 26 (Residue Theorem).Let Ω be a simply connected open set inC and let f be analytic inΩ
apart from a finite number of distinct isolated singularitiesa1, a2, · · · , am. Let γ be a closed contour in
Ω ∼ {a1, a2, · · · , am}. Then

1
2πi

∫
γ
f(z) dz =

m∑
k=1

ν(γ, ak) Res(f, ak).

If γ simple regular closed contour then

1
2πi

∫
γ
f(z) dz =

∑
Res(f, ak)

where the sum is overak insideγ.

There are more general versions of the residue theorem.
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