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In this section we show how Contraction Mapping Principle implies a version of the fundamental
existence and uniqueness theorem for Cauchy initial value problems for ordinary differential equa-
tions.

This application of the Contraction Mapping Principle is also discussed in Kolmogorov and Fomin
[2], chapter 2, section 8, where there is also an application to solving Fredholm integral equations of
the second kind and Volterra integral equations.

Let Q be an open subset of the plane andfléte a continuous function if2. Let (a,c) € Q and
consider the initial value problem

Y~ few), o) =

By integrating we see this initial value problem is equivalent to the integral equation

sa) =+ [ Cfty(0)dr,

that is, we are looking for a fixed point for the map defined by the integralp etd andq > 0 be
chosen so that the rectangledefined by

O<z—a<p |y—c[<q
is contained in. Let M be an upper bound faf on the rectanglé. Chooseh with
0 < h < min(p, ¢/M).
Letb =a+ hand let

Xp={ueC(ab]) | ula)=c, |u(z)—c|<qifa<z<b}.
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If uw € X}, defineTu by
Tu(z) =c +/ Ft,u(t)) dt.

Clearly
| Tu(x) —c| < M(z—a) < Mh <gq

and sol': X, — Xj,. The spacé&([a, b]) is a complete metric space when provided with the metric
d(u,v) = sup|u(t) —v(t)|, a <t < bandX, is a closed subset. Thu§, is a complete metric
space. Now suppose thAts Lipschitz continuous in the second variable in the rectanylsay

|f($7y)_f(xvz)‘§L‘y_Z‘> fOI’(aj,y),(x,Z)ED.

Let0 < d < 1. If u,v € X, then
| Tu(z) — Tv(z) | S/ | f(tu(?)) — fto(t) | dt

< /xL lut) — o(t)| dt < Lhd(u,v).

ThusT is continuous. Moreover ifLh < ¢ then this inequality implies thdf’ is a contraction
mapping and so has a unique fixed pointiip. A simple estimate shows that any solution of the
initial value problem must be iX;. Thus we have the existence of a unique solution to the initial
value problem on the intervét, b] whereb = a + h and

h = min(p,q/M,5/L).

The iterates:,,+1 = T'(u,,) converge rapidly to the fixed point. This method of approximating the
solution was published by Liouville as early as 1838. The general method is usually credited to
Picard, 1890 (see [4]). The successive approximants are usually Pédked iterates

We can do better by using the slightly strengthened Contraction Mapping Principle, which | referred
to as thePicard iteration theoremearlier.

Letyo(z) = c and inductively defing,,; = Ty,. Then

[91(2) = yo(z) | < /ilf(tyo(t))l dt <M (z —a)

and N
|y2(2) —y1(2) | = | Tya(z) — Tyo(z) | < / L yi(t) —yo(t) | dt

= LM(z — a)?
g/ LM(t—a)dt:(+@.

By induction we see
< L"_lM(x _ a)n

[nl@) = o ()| < =——
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and so M (Lh)
<= .
d(y’l’ﬁynfl) — L n|

It follows that the sequencgy,,),>o converges to a fixed point &. Thus we have existence of a
solution to the initial value problem on the interyal b)) whereb = a + h and

h = min(p, ¢/M).

Uniqueness requires an additional argument. See, for example, Nemytskii and Stepanov [3] or Cod-
dington and Levinson [1]. Finally note that the argument is essentially unchangeahifl f are

vector valued. Since any system of differential equations can be replaced by a system of first order
equations, we obtain existence and uniqueness under mild hypotheses for the Cauchy initial value
problem for any system of differential equations (in normal form).
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