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In the late 1800’s set theory was developed largely by Cantor. During the same period Riemann,
Ascoli, Arzela, Hadamard and others inspired by the needs of the calculus of variations introduced
the concept of function spaces — sets in which the points are functiogésheirin his 1906 thesis

[1] used abstract set theory and introduced an axiomatic approach to function spaces. He considered
abstract sets provided with an abstract limit process. He also introduced abstract metric spaces and
raised questions of metrizability for topological spaces. In his thesis he also applied his ideas to
examples of function spaces; continuous functions on an interval, analytic functions in a domain.
His thesis demonstrated that useful and interesting results could be obtained in an abstract setting.
See Taylor [3], [4] and [5] for an exhaustive study of the work ddfret and its relation to the work

of his contemporaries.

In this section we will assume some familiarity with topology and therefore merely review some of
the basic ideas. This review serves to fix terminology. The notions of sequential convergence and
continuity may be phrased in terms of neighborhoods and open sets. One is therefore led to the idea
of abstracting the concept of an open set or a neighborhood. The resulting topic is general topology.

o If we take neighborhoods to be our primitive concept then we define the open sets to be those
sets which are neighborhoods of each of their points.

o If we take open sets to be the primitive concept then we detlambe a neighborhood of
x € X if there exists an open sétwithz ¢ U C V.

Topology may be introduced in other ways as well by using different primitive concepts but open
sets or neighborhoods are the most popular. We will take the point of view that a topology is defined
by its open sets, though we will frequently describe a topology by specifying its neighborhoods.

If X is a set, thepower seof X, frequently denoted by~ is the set of all subsets df. We define
atopologyon the setX to be a nonempty subsetof 2% satisfying the axioms that and X in 7
and finite intersections and arbitrary unions of elements afe inT. The elements of are called
the open sets.
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Exercise 120.1.Assume we have a topologyas above on a seX. If x € X we defind/ to be a
neighborhood of: if there exists an open s#, that is, a set/ € 7, such thatr € V' C U. Show
that a subset? of X is in 7 if and only if for eache € W we havelV is a neighborhood of.

e Theinterior A° of a setA is its largest open subset. This definition makes sense since the
union of any number of open sets is open.

e If AC X thenV C X is aneighborhoof A if A C V°.

e The iclosureA of a setd is its smallest closed superset. This definition makes sense since the
intersection of any number of closed sets is closed.

e Theexteriorof a set is the interior of its complement.

e Theboundaryo A of A is the complement of the union of the interior #fand the exterior of
A.

o If AandB are sets we denote by ~ B the complementaBin A, thatis{z € A | = ¢ B}.

e If 7is atopology onX andA C X thenty = {UNA | U € 7} is atopology on4 called
therelative topologyor theinduced topology

Let A C X and provideA with the relative topology. Leyy € V C A. ThenV is a relative
neighborhood of; if and only if there is a neighborhhddl of  in X such thatd N W = V. Indeed
if W is a neighborhood of in X andA N W = V choose an open sétin X withy €¢ U C W.
Theny € AnU C V impliesV is a relative neighborhood gfsinceA N U is relatively open by
definition. Conversely leV be a relative neighborhood gfin A. By definition of the relatively
open sets we can chooBeopen inX withU N A C V. Now letWW = U U V. Sincey € U andU
is open we se&V is a neighborhood af. But

WnA=UNAJVna)=wnalJv=V
sinceUNACYV.

Exercise 120.2.Let X be a set and le® be any family of subsets &f. Show there exists a unique
weakest topology o containing®, that is, for which each set i& is open.Hint: The intersection
of any number of topologies ok is a topology onX.

Exercise 120.3.ShowdA = AN X ~ A, thatis,z € A if and only if each neighborhood af
intersects4 and the complement of. Show ifU is open thedU = U ~ U.

Topologies are partially ordered by inclusion.slfand are topologies (families of open sets) on a
setX we say that is weakerthant or 7 is strongerthane if o C 7. The weakest topology 0N is
called thetrivial topologyon X. The strongest topology ol is called thediscrete topologyn X .
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In topological vector spaces the most convenient way to prescribe a topology is by means of its
neighborhoods. Thus it is necessary to also consider topology from the point of view of abstract
axiomatic neighborhood systems.

Let X be a set. Arabstract neighborhood systesn X consists of a nonempty sub$at, of 2¥ for
eachr € X such that

1. Ae M, impliesz € A

2. A€M, andA C BimpliesB € 1,

3. A, BeM, impliesAnBeMN,

4. If A € 9, there existd/ € 9, such that/ C A andU € N, for eachy € U

The elements oft, are called theneighborhood®f x. We paraphrase the last condition by saying
each neighborhood is a neighorhood of “nearby” points. If we define open sets to be the sets that are
neighborhoods of each of their points then the first three axioms for an abstract neighborhood system
suffice to guarantee that our open sets satisfy the axioms for a topology. The last axiom is needed
to guarantee that if we now define neighborhoods in terms of the open sets we get back exactly the
neighborhoods that we started with.

Exercise 120.4.Let X be a set. Describe the open sets, the neighborhoods and the closures of
subsets oX for the trivial and for the discrete topologies ox.

It's usually not convenient to describe all of the neighborhoods of a topology. Instead one describes
an neighborhood base or subbase.

Aset®B, C N, is called aneighborhood basat z if for eachV € 9, there isW € 9, such that
wCvV.

A setB, C M, is called aneighborhood subbasat z if for eachV € 9t, there is a finite set
Wi,... W, € 9B, suchthatV;n---NnW, C V.

One can of course axiomatize the concepts of neighborhood base or neighborhood subbase and in-
troduce topology that way. This idea is actually a good one since in practice many topologies are
introduced by specifying a neighborhood base at each point. In a semimetric Xptue sets

W (z,€), € > 0, form a base of neighborhoodsofas do the set8(x,¢), € > 0.

Exercise 120.5.You are writing a topology text and decide to use neighborhood bases (or even
subbases) as the primitive concept to be axiomatized. How would you do it? Be sure to introduce a
suitable (primitive) notion of equivalence for two neighborhood bases (subbases).
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If X is a topological space and is a subset of thenV C X is called aneighborhoodof A if
A C Ve, If X is ametric space then tlopene—neighborhoods defined to be

W(Aye)={yeX | dx,y) <eforsomez € A} = | | W(x,e)
z€A

is an open neighborhood of the skt

There are a number gkparation axioms topology. Since there is no universal agreement on how
several of them should be formulated let’s review the main ones here.

Let X be atopological space. Thenis

e T, (Kolmogorov) if whenever. £ b are points ofX there exists an open subgétof X such
thata € Uandb ¢ U ora ¢ U andb € U.

e T, (Fréchet-Riesz) if whenever+ b are points ofX there exist open subsdfs V' of X such
thata e U,beV,a¢ Vandb ¢ U.

e T, (Hausdorff) if whenever # b are points ofX there exist disjoint open setg V' with
a€UandbeV.

e T3 (Vietoris) if for eacha € X and each closed subsétof X with a ¢ A there exist disjoint
open subsets, V of X suchthatt € U andA C V.

e regularif T3 and Ty.

o T, (Tietze) if wheneverd, B are disjoint closed subsets &fthere exist disjoint open subsets
U Vof XwithACUandB CV.

e normalif T, and T;.

e T; (Urysohn) if wheneverd, B are subsets ok andA N B = @ andA N B = @ there exist
disjoint open subsefs, VV of X with A C U andB C V.

e completely normaif T 5 and T;.

A semimetric space issT A metric space is completely normal. A topological space is completely
normal if and only if each subspace is normal. The next three lemmas are key propertjspates.

The first two are particularly important for analysis because they show thapdces are richly
endowed with continuous functions. Proofs may be found in Gaal [2] and other general topology
texts.

Lemma 120.1 (Urysohn Lemma).Let X be a topological space. TheXi is aT, space if and only
if for each pair of disjoint closed subsets B of X there exists a continuous functign X — [0, 1]
such thatf| 4, = 1 and f|z = 0.
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Lemma 120.2 (Tietze Extension Lemma)Let X be a topological space. TheX is aT4 space if
and only if for each closed subsétof X and each continuous functight A — R has a continuous
extension taX. Moreover, in the cas& is T, and f is bounded the extension may be chosen to be
bounded and to have the same bound as

Let X be a set and lefl be a subset oK. If (U;);c; is a family of subsets ok we say this family
is acoverof A if A C U;c;U;. The indexed family(U; ), of subsets ofX is said to bepoint finite

if for eachz € X we have{i eI | x €U, }isfinite. In caseX is a topological space the cover
(U;)ier is said to be aropen coveiif each of the setd/; is open. The indexed familyl;);c; of
subsets ofX is said to bdocally finiteif for eachx € X we have a neighborhodd of x such that
{iel | VNU, #@}isfinite.

Lemma 120.3 (Shrinking Lemma). If (U;)ie; is a point finite open cover of &, spaceX then
there exists an open covéY¥;);c; such thatV; C U; for eachi € I.

The notion of continuity of a function at a point has a nice formulation in terms of neighborhoods:
f is continuous at: if and only if for each neighborhooW of f(a) there is a neighborhodd” of
such thatf (W) C V.

The notion of continuity also has a nice formulation in terms of open sgts:continuous if and
only if for each open sét’ C Y the setf~!(V) is an open subset of.

These definitions agree with the definitions of continuity of functions in metric spaces.

The notion ofuniform continuity does not make sense in topological spaces. The correct context

is uniform space Topological groups, topological vector spaces, and metric spaces are all uniform
spaces in a natural way and so uniform continuity makes sense in those contexts. Here is the defi-
nition for metric spaces: IX andY are metric spaces (with the metric denoteddtiy both cases)
thenf: X — Y is uniformly continuous if for eacl > 0 there exist$ > 0 such thata,b € X,

d(a,b) < ¢ impliesd(f(a), f(b)) < e. As you can see, the definition requires some way of as-
sociating neighborhoods at different locations (in a metric space, vaguely speaking, by size). It is
precisely this facility that theicinitiesof the uniform structure provide - each vicinity gives rise to a
distinguished neighborhood of each point.
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