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Baire’s theorem was discovered in the late 1890’s by Baire [1] and also by Osgood [4]. In the late
1920’s Baire’s theorem was introduced into Functional Analysis by Banach and Steinhaus.

Where did this comment about Banach and
Steinhaus come from? | need a citation.

Let X be a topological space and IBtbe a subset oK. We sayB is dense inX if B = X, that is,
if for each nonempty open subdétof X we haveB N U # @. ThusB is dense inX if and only if
the exterior ofB is empty.

Exercise 140.1.A finite intersection of open dense subsets of the topological siiaisean open
dense set.

Let X be a topological space and létbe a subset. We say is nowhere densié (Z)O = @, that is,
if the complemeniX ~ A contains an open subset &fdense inX.

Exercise 140.2.A finite union of sets nowhere dense in the topological spacenowhere dense in
X.

We sayA C X is of first category inX or meagre inX if A is a countable union of nowhere dense
subsets ofX, that is, if the complemenX ~ A contains a countable intersection of open dense
subsets ofX. Clearly any countable union of first category sets is of first category.

We sayA C X is of second category iX or nonmeagre inX if A is not of first category inX.

A residual sein X is a set which is the complement of a set of first category in
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Exercise 140.3.A subsetA of X is second category (nonmeagre) M if and only if whenever
(Vi)n>1 is a sequence of open dense subsefs tfen

Amﬂ V, # @.

n>1

A topological spaceX is called aBaire spacdf any countable intersection of open dense subsets of
X isdense inX. Clearly we have

e X is Baire if and only if each residual subset ¥fis dense inX.
e X is a Baire space if and only if each nonempty open subs&tisfsecond category iX .
e X is a Baire space if and only if each first category subseXdfas empty interior.

Proposition 140.1. Let X be a topological space and |Iét be an open subset of. If A C U and
A'is nowhere dense ifi in the relative topology, thed is nowhere dense iX .

Proof. SinceA is nowhere dense ifi there is an open s&t; C U ~ A such thail, is dense irU.
Let W; be the interior ofi#y U (X ~ U). LetV be any nonempty open subset®f If VNU = &
thenV C X ~ U and soV C W sinceV is open. On the other hand,if N U # & then this set is
a nonempty open subset Bfand therefore meetd’;. In either case we havé N W, # @ and so
W1y is dense inX. Sincell; is open and contained if ~ A it follows that A is nowhere dense in
X. O

Exercise 140.4.1f 4 is a family of disjoint open subsets of the topological spAcand for each
U € Y we have a sefl;; C U such thatdy; is nowhere dense iX then

A= ] Ay

Ueu
is nowhere dense iX.

Corollary 140.2. Let X be a topological space and |ét be an open subset &f. If A C U and A
is first category inJ then A is first category inX.

Corollary 140.3. Let X be a topological space and |ét be an open subset &f. If A C U and A
is second category iX thenA is second category ify.

Corollary 140.4. Each open subset of a Baire space is a Baire space.

Theorem 140.5.Let X be a topological space and let be a subset k. LetC be the union of all
open subset§ of X suct thatAd N U is of first category inX. ThenA N C' is of first category inX.

Proof. See Kelley, [3]. O
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Let X be a topological space and latbe a subset oK. We sayA is locally of first categoryn X
or locally meagerin X if each pointz € X has an open neighborhodd such thatd N V' is first
category inX.

Corollary 140.6. Let X be a topological space and let be a subset oK. If A is locally of first
category inX the A is of first category inX.

Proof. Indeed the hypotheses imply C C (in the notation of the theorem). O

Corollary 140.7. Let X be a topological space and let be a subset ok'. If A is second category
in X then there exists a nonempty open subsetf X such that ifx € V thenA N U is of second
category for each neighborhodd of x.

Proof. In the notation of the theorem, by hypothe€is# X. Let V be the complement of . If
x € V andU is an open neighborhood efthenU NV # & (definition of closure). Thu#/ is not
contained inC' and soA N U is not of first category. O

Theorem 140.8 (Baire Category Theorem).Let X be either a complete semimetric space or a
locally compact Hausdorff space. Th&nis a Baire space.

Proof. We give the proof only in the semimetric case. The proof in the locally compact3e is
remarkly similar. Let(V,,) be a sequence of open dense subset¥ aind letU be any nonempty
open subset oX. We must show that,,>,V,, N U # @. Choosery € U andry > 0 such that

W (zo,79) C U. We will inductively chooser,, € U andr,, > 0forn > 1. Letn > 1. SinceV, is
open and dense the intersectignO\ W (x,,—1, 7,—1) IS @ nonempty open set. Hence we may choose
r, With 0 < r,, < 27" andz,, € U such that

B(Z‘n, rn) g Vn N W(xn—la Tn—l)-

Sincex,, € W(x,_1,r,_1) We haved(x,_1,z,) < 217" forn > 1. Thus(x,) is a Cauchy
sequence. Sinc¥ is complete this sequence converges, 8ay— x. Sincexy, € B(xp,r,) for
k > n we havex € B(x,,r,) for eachn > 1. Thusz € V,, for eachn > 1 andx € B(xy,7r1) C
W(l‘o, 7’0) g U. O
Proposition 140.9. Let X be a Baire space and l€t4,,),,>1 be a sequence of closed subsetXof
If X =uU,A, then

(oo}

U 4

n=1

is dense inX.
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Proof. Suppose first thatl;, = @ for eachn. ThenU, = X ~ A, is a dense open set and
so @ = N,U, is dense inX. Since we may obviously assume thétis not empty we have a
contradiction. Thus we have proved

D A+ 2.
n=1

Now let U be any nonempty open subset®f ThenU N A, is a relatively closed subset of,
U =U,UnNn A, andU is a Baire space. Hence by the part proved above we have

Um[jA;;A@.

n=1
Thusu,, A?, is dense inX. O

Exercise 140.5.A topological spaceX is a Baire space if and only if each subset of first category
has dense complement.

Let /? be the space gi~summable sequences with the usual metrié? $®a complete metric space.
(We will discusg? later.)

Exercise 140.6.1f (a"),>1 is a sequence i', saya™ = (af,ay,---) and we define; =
liminf,, ‘a;-”’ show that|a||, < liminf, . [a”|; .

Exercise 140.7.Let B be the unit ball in’'. Show thatB is closed in?. ShowB has empty interior
in 12 and hencé! is first category in2. Conclude

bel® | Y [bjl = o0
J

is dense irnZ2.

Example140.1 (First category sets of positive measure.) This example is adapted from ex-
amples 4, 19 and 20 in section 8 of Gelbaum and Olmsted [2] (Every analyst should own a copy
of this book). While sets of first category may be thought of as somehow small or thin in the
sense of Baire, they can be quitage in, for example, the sense of measure. Here’s a tradi-
tional Cantor-like construction. Lét < ¢t < 1 and letB, = [0, 1]. Suppose we have constructed

By, 0 <k < nandeachB,, consists oR* disjoint uniformly distributed closed intervals of lengths

27F (1 =271 — - —27%) = 27F (1 — (1 — 27%)) > t272F. Each of the closed intervals mak-

ing up B,,_1 has length> t22-2" and therefore we can remove from each the middle open interval
of length#2!=2" < ¢22-2n_ This construction yields3,,. Now let

A(t) = ﬁ B,.

The longest interval irB,, has lengtte=" (1 —27¢ — ... — 27"¢) < 27", HenceA(t) contains
no nonempty intervals and therefarsét)° = @. SinceB,, | A(t) and B,, has Lebesgue measure
2" x 27" (1 — 271 — ... — 27"¢) we see thati(¢) has measuré—t. SinceA(t) is closed we have
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Fact. A(t) is a closed nowhere dense subsef@fl] with Lebesgue measute— ¢.

Now let 4,, = A(1/n) and letA = U,,>1 A(1/n). Then

Fact. Ais afirst category subset df), 1] and A has Lebesgue measure

Consider now the complemef@it= [0, 1] ~ A. Since[0, 1] is a complete metric spade, 1] = AUC
and A is first category we see by Baire’s theorem thatannot be first category. Thus

Fact . C'is a dense second category subsef@®fl] andC has Lebesgue measuie
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