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Baire’s theorem was discovered in the late 1890’s by Baire [1] and also by Osgood [4]. In the late
1920’s Baire’s theorem was introduced into Functional Analysis by Banach and Steinhaus.

Where did this comment about Banach and
Steinhaus come from? I need a citation.

Let X be a topological space and letB be a subset ofX. We sayB is dense inX if B = X, that is,
if for each nonempty open subsetU of X we haveB ∩ U 6= ∅. ThusB is dense inX if and only if
the exterior ofB is empty.

Exercise 140.1.A finite intersection of open dense subsets of the topological spaceX is an open
dense set.

Let X be a topological space and letA be a subset. We sayA is nowhere denseif
(
A

)◦
= ∅, that is,

if the complementX ∼ A contains an open subset ofX dense inX.

Exercise 140.2.A finite union of sets nowhere dense in the topological spaceX is nowhere dense in
X.

We sayA ⊆ X is of first category inX or meagre inX if A is a countable union of nowhere dense
subsets ofX, that is, if the complementX ∼ A contains a countable intersection of open dense
subsets ofX. Clearly any countable union of first category sets is of first category.

We sayA ⊆ X is of second category inX or nonmeagre inX if A is not of first category inX.

A residual setin X is a set which is the complement of a set of first category inX.
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Exercise 140.3.A subsetA of X is second category (nonmeagre) inX if and only if whenever
(Vn)n≥1 is a sequence of open dense subsets ofX then

A ∩
⋂
n≥1

Vn 6= ∅.

A topological spaceX is called aBaire spaceif any countable intersection of open dense subsets of
X is dense inX. Clearly we have

• X is Baire if and only if each residual subset ofX is dense inX.

• X is a Baire space if and only if each nonempty open subset ofX is second category inX.

• X is a Baire space if and only if each first category subset ofX has empty interior.

Proposition 140.1. Let X be a topological space and letU be an open subset ofX. If A ⊆ U and
A is nowhere dense inU in the relative topology, thenA is nowhere dense inX.

Proof. SinceA is nowhere dense inU there is an open setW0 ⊆ U ∼ A such thatW0 is dense inU .
Let W1 be the interior ofW0 ∪ (X ∼ U). Let V be any nonempty open subset ofX. If V ∩ U = ∅
thenV ⊂ X ∼ U and soV ⊂ W1 sinceV is open. On the other hand, ifV ∩ U 6= ∅ then this set is
a nonempty open subset ofU and therefore meetsW0. In either case we haveV ∩W1 6= ∅ and so
W1 is dense inX. SinceW1 is open and contained inX ∼ A it follows thatA is nowhere dense in
X.

Exercise 140.4.If U is a family of disjoint open subsets of the topological spaceX and for each
U ∈ U we have a setAU ⊆ U such thatAU is nowhere dense inX then

A =
⋃

U∈U

AU

is nowhere dense inX.

Corollary 140.2. LetX be a topological space and letU be an open subset ofX. If A ⊆ U andA
is first category inU thenA is first category inX.

Corollary 140.3. LetX be a topological space and letU be an open subset ofX. If A ⊆ U andA
is second category inX thenA is second category inU .

Corollary 140.4. Each open subset of a Baire space is a Baire space.

Theorem 140.5.LetX be a topological space and letA be a subset ofX. LetC be the union of all
open subsetsU of X suct thatA ∩ U is of first category inX. ThenA ∩ C is of first category inX.

Proof. See Kelley, [3].
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Let X be a topological space and letA be a subset ofX. We sayA is locally of first categoryin X
or locally meagerin X if each pointx ∈ X has an open neighborhoodV such thatA ∩ V is first
category inX.

Corollary 140.6. Let X be a topological space and letA be a subset ofX. If A is locally of first
category inX theA is of first category inX.

Proof. Indeed the hypotheses implyA ⊆ C (in the notation of the theorem).

Corollary 140.7. LetX be a topological space and letA be a subset ofX. If A is second category
in X then there exists a nonempty open subsetV of X such that ifx ∈ V thenA ∩ U is of second
category for each neighborhoodU of x.

Proof. In the notation of the theorem, by hypothesisC 6= X. Let V be the complement ofV . If
x ∈ V andU is an open neighborhood ofx thenU ∩ V 6= ∅ (definition of closure). ThusU is not
contained inC and soA ∩ U is not of first category.

Theorem 140.8 (Baire Category Theorem).Let X be either a complete semimetric space or a
locally compact Hausdorff space. ThenX is a Baire space.

Proof. We give the proof only in the semimetric case. The proof in the locally compact T2 case is
remarkly similar. Let(Vn) be a sequence of open dense subsets ofX and letU be any nonempty
open subset ofX. We must show that∩n≥1Vn ∩ U 6= ∅. Choosex0 ∈ U andr0 > 0 such that
W (x0, r0) ⊆ U . We will inductively choosexn ∈ U andrn > 0 for n ≥ 1. Let n ≥ 1. SinceVn is
open and dense the intersectionVn∩W (xn−1, rn−1) is a nonempty open set. Hence we may choose
rn with 0 < rn < 2−n andxn ∈ U such that

B(xn, rn) ⊆ Vn ∩W (xn−1, rn−1).

Sincexn ∈ W (xn−1, rn−1) we haved(xn−1, xn) < 21−n for n > 1. Thus(xn) is a Cauchy
sequence. SinceX is complete this sequence converges, sayxn → x. Sincexk ∈ B(xn, rn) for
k ≥ n we havex ∈ B(xn, rn) for eachn ≥ 1. Thusx ∈ Vn for eachn ≥ 1 andx ∈ B(x1, r1) ⊆
W (x0, r0) ⊆ U .

Proposition 140.9. Let X be a Baire space and let(An)n≥1 be a sequence of closed subsets ofX.
If X = ∪nAn then

∞⋃
n=1

A◦n

is dense inX.

Copyright c© 2003 Bent E. Petersen - 3 - Oregon State University, Corvallis, Oregon



Mth 614 Fall 2003 20040205 Functional Analysis

Proof. Suppose first thatA◦n = ∅ for eachn. ThenUn = X ∼ An is a dense open set and
so ∅ = ∩nUn is dense inX. Since we may obviously assume thatX is not empty we have a
contradiction. Thus we have proved

∞⋃
n=1

A◦n 6= ∅.

Now let U be any nonempty open subset ofX. ThenU ∩ An is a relatively closed subset ofU ,
U = ∪nU ∩An andU is a Baire space. Hence by the part proved above we have

U ∩
∞⋃

n=1

A◦n 6= ∅.

Thus∪nA◦n is dense inX.

Exercise 140.5.A topological spaceX is a Baire space if and only if each subset of first category
has dense complement inX.

Let lp be the space ofp–summable sequences with the usual metric, solp is a complete metric space.
(We will discusslp later.)

Exercise 140.6. If (an)n≥1 is a sequence inl1, say an = (an
1 , an

2 , · · · ) and we defineaj =
lim infn→∞

∣∣an
j

∣∣ show that‖a‖1 ≤ lim infn→∞ ‖an‖1 .

Exercise 140.7.LetB be the unit ball inl1. Show thatB is closed inl2. ShowB has empty interior
in l2 and hencel1 is first category inl2. Conclude b ∈ l2 |

∑
j

|bj | = ∞


is dense inl2.

Example140.1. (First category sets of positive measure.) This example is adapted from ex-
amples 4, 19 and 20 in section 8 of Gelbaum and Olmsted [2] (Every analyst should own a copy
of this book). While sets of first category may be thought of as somehow small or thin in the
sense of Baire, they can be quitelarge in, for example, the sense of measure. Here’s a tradi-
tional Cantor-like construction. Let0 < t < 1 and letB0 = [0, 1]. Suppose we have constructed
Bk, 0 ≤ k < n and eachBk consists of2k disjoint uniformly distributed closed intervals of lengths
2−k

(
1− 2−1t− · · · − 2−kt

)
= 2−k

(
1− t(1− 2−k)

)
> t2−2k. Each of the closed intervals mak-

ing upBn−1 has length> t22−2n and therefore we can remove from each the middle open interval
of lengtht21−2n < t22−2n. This construction yieldsBn. Now let

A(t) =
∞⋂

n=1

Bn.

The longest interval inBn has length2−n
(
1− 2−1t− · · · − 2−nt

)
< 2−n. HenceA(t) contains

no nonempty intervals and thereforeA(t)◦ = ∅. SinceBn ↓ A(t) andBn has Lebesgue measure
2n×2−n

(
1− 2−1t− · · · − 2−nt

)
we see thatA(t) has measure1− t. SinceA(t) is closed we have
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Fact . A(t) is a closed nowhere dense subset of[0, 1] with Lebesgue measure1− t.

Now letAn = A(1/n) and letA = ∪n≥1A(1/n). Then

Fact . A is a first category subset of[0, 1] andA has Lebesgue measure1.

Consider now the complementC = [0, 1] ∼ A. Since[0, 1] is a complete metric space,[0, 1] = A∪C
andA is first category we see by Baire’s theorem thatC cannot be first category. Thus

Fact . C is a dense second category subset of[0, 1] andC has Lebesgue measure0.
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