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Fréchet in his thesis in 1906 introduced and studied notions related to compactness, separability and
completeness and discussed the relation between compactness and total boundedness, all in abstract
spaces.

The assertion that a certain sétis compact is an existence theorem. See for example Exercise
160.3 below. Or recall a continuous real valued function on a compact space has a maximum (and
a minimum). For this reason, the identification of compact subsets is important, especially compact
subsets of function spaces.

Let X be a topological space and ldtbe a subset. We say thdtis compactf each open cover of
A in X has a finite subcover (Heine—Borel property) . It is not difficult to see thist compact if
and only if A is compact in the relative topology oh Thus compactness is an intrinsic property. A
subsetA of X is said to beelatively compacif it is contained in a compact subset &f.

Every closed subset of a compact set is compact and the intersection of any number of closed compact
sets is compact. The continuous image of a compact set is compact. Compactness is not too well
behaved in non—Hausdorff spaces. Thus the closure of a compact set may fail to be compact and the
intersection of two compact sets may fail to be compact.

Exercise 160.1.If X is a Hausdorff topological space then each compact subs&tisfclosed and
a subset4 of X is relatively compact if and only if its closure is compact.

Exercise 160.2.Let X be a compact topological space and létbe an open subset of. Let
(), be afamily of compact subsets®f If N;c,K; C U then there is a finite sef C J such
thatﬂjeij cU.

Let X be a set. A family of subsetsof X is said to have th&nite intersection propertif each finite
subfamily has non-empty intersection. Cantor is usually credited as having formulated the connection
between compactness and the finite intersection property as indicated in the next exercise.
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How about a citation?

Exercise 160.3.Let X be a topological space. Thek is compact if and only if each family of
closed subsets of with the finite intersection property has nonempty intersection.

Exercise 160.4.Let X be a compact topological space and {éfj)jeJ be a family of nonempty

closed subsets of with K, C K foreachj > 1. Then;> K; # @.

In a metric space a setis compact if and only if each sequencedrhas a subsequence converging

to a point ofA (Bolzano—Weierstrass property) . This latter property is referred $e@sential com-
pactnessThe open covering approach to compactness is due to Heine, Borel, Cousin and Lebesgue
and is the currently accepted definition. These two notions of compactness are not equivalent in a
general topological spaces.

Exercise 160.5.Let X be a compact metric spac4,a closed subset of andV an open subset of
X. Supposed C V. Show there exisis> 0 such that

U W{(z,e) CV.
€A

The following simple fact is remarkably useful.

Lemma 160.1 (Uniqueness of Compact Topology)let X andY be topological spaces. Assunie
is compact and” is Hausdorff. Iff: X — Y is a continuous bijection thejiis a homeomorphism.

Proof. It suffices to show thaf—! is continuous, for which it suffices to show théts closed. Let
A be a closed subset &f. By hypothesisA is compact. Thug(A) is compact and so closed since
Y is Hausdorff. O

A topological spaceX is said to bdocally compacif each point inX has a compact neighborhood.
Compact and locally compact spaces have some nice separation properties.

Lemma 160.2. A compacil, space isT .

Proof. SupposeX is compact and 4. Let A and B be disjoint closed subsets &f. If a € A, b€ B
we may choose disjoint open subséts, andV, ;, of X witha € U, andb € V, ;. Leta € A.
The setsl, ;, form an open cover oB. By compactness there is a finite se, C B such that
B C Upem, Vap =V, . ThenU] andV are disjoint open setg, € U, andB C V. Hence there is
a finite setM C A such thatd C U,ep UL = U. Now letV = Nyep/ V. ThenA C U, B C V and
U andV are disjoint and open. O

Lemma 160.3. A T, space isT; if and only if each point has a neighborhood base consisting of
closures of open neighborhoods.
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Proposition 160.4. If X is a locally compact space andl is T, or T3 then each point: has a
neighborhood base consisting of sets of the féfmvhereV” is an open neighborhood afandV is
compact.

Proof. Suppose first thak is T3. Let U be any neighborhood of. Let W be a compact neighbor-
hood ofz. By the lemma above there is an open neighborhioof = with V. C U N W. Now
consider the cas& is To. Letx € X and letU be any neighborhood af. Again select a compact
neighborhhod¥ of z. LetV = (U N W))° soV is an open neighborhood ef SinceX is T, W

is closed and therefor€ C W. ThusV is compact. Sinc& is open and: € V we have{z} and
OV are disjoint. Sincé’ is compact there are disjoint relatively open EgtandV; in V' such that
x € Uy andOV C V;. SincelU; C V is disjoint fromdV we havelU; C V. SinceV is open it
follows thatU, is open inX. SinceV; is relatively open inl” we havell; C V ~ V; C V since
0V C Vi. ThusU, C U, U, is compact and/; is open. O

If f:X — Cis continuous we define theupportof f as the closure of z € X | f(z) #0} and
we denote it byupp f. HereC denotes the field of complex numbers with the usual metric. We will
define the concept of support in other contexts as well but the present definition suffices for now.

Lemma 160.5.If X is a locally compacts spacel is openinX, K is compactinX and K C U
then there exists a continuous functign X — [0, 1] such thatsuppf C U and f = 1in a
neighborhood ofs.

Proof. For eachr € K choose a compact neighborhobg of = with V. C U. Choose a finite set
N C K such that the sefg; with z € N coverK and letA = U,cnv,,. ThenA is compact and
K C A°. SinceA is compact we can repeat the argument and end up with compact s&tsC
such that

KCA°CACB°CBC(C°CCCU.

SinceC' is compact and Jit is T4. Thus by Urysohn’s lemma there is a continuous functfan
C — [0,1] such thatf = 1onAandf =0onC ~ B°. Setf =0onX ~ C. If x € C°or
x € X ~ Cthenf is continuous at. Supposer € dC. In this casef = 0 on the relatively open
setC' ~ B C C ~ B°. Choose an open setwithz € VandVNC C C ~ B. Thenf =0on
V N C and by constructioff = 0onV N (X ~ C). Thusf = 0 onV and sof is continuous at.
Finally {z € X | f(z) # 0} C B°implies thatsupp f C B C U. O

Theorem 160.6 (Finite Partition of Unity). Let X be a locally compacT, space and lefK be a
compact subset ok. If Uy,...,U, are open subsets of and X C U;<;<,U; then there exist
continuous functions; : X — [0, 1] such thasupp h; is compact andupp »; C U; for eachj and
such thath; + - - - + h,, = 1 in a neighborhood of.

Proof. If 2 € K choose an open neighborhodd of 2 with V,, compact such thal,, C U; f07r
somej. Then choose a finite séf C K such thatk' C U,enV,. Let H; be the union ofl/,
forz € N andV, C U;. ThenH; is compactH; C U; andK C H, U ---U H,. Now by the
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lemma above we can choogge: X — [0, 1] continuous such that; = 1 on a neighborhood aoff},
supp g; is compact andupp g; C U; for eachj. Now defineh; = g1, ho = (1 — g1)g2, hg =
(1=91)(1—g2)g3,- .-, = (1=g1)(1=g2) ... (1= gn—1)gn- Thensupp ; C supp g; is compact
and contained i; andhy +--- 4+ h, =1— (1 —g1)(1 — g2) ... (1 — g») = 1 in a neighborhood
of K. O

A compactness result critical in the study of weak topologies in topological vector spaces is the
Tychonoff product theorem. Suppose we have a family of topological spAges,c I. We define

the produc{ [, ., X; to be the set of all functions: I — U;c7.X; such thatf (i) € X; foreachi € I.

Now if U; is open inX; andU; = X;; for all but finitely manyi € I then we defind],_, U; to be an

open rectanglén [ ], , X;. Theproduct topologys then the topology whose family of open sets in
[1;c; Xi contains all the open rectangles and is as small as possible.

Theorem 160.7 (Tychonoff Theorem).If X;, i € I is any family of compact topological spaces
then the product spad;.; X; is compact.

For a proof of the Tychonoff theorem see for example [1], page 25.

One other topological theorem that we will make some use of is a famous theorem of Hahn-Mazurkiewicz
which characterizes continuous images|@fl] in Hausdorff topological spaces. In particular it
shows that there are some remarkable space filling curves.

A topological spaceX is said to beconnectedf it can not be written as the union of two nonempty
disjoint open subsets. It Iscally connectedf each point has a base of neighborhoods consisting of
connected neighborhoods.

A compact connected locally connected topological space is calRehno continuum A Peano
curveis any space of the fornf([0,1]) where f : [0,1] — X is a continuous map and is a
Hausdorff topological space.

Theorem 160.8 (Hahn—Mazurkiewicz Theorem).A topological spacé&” is a Peano curve if and
only if it is a metrizable Peano continuum.

The Hahn—Mazurkiewicz theorem is discussed in the topology text of Hocking and Young [1].
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