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Fréchet in his thesis in 1906 introduced and studied notions related to compactness, separability and
completeness and discussed the relation between compactness and total boundedness, all in abstract
spaces.

The assertion that a certain setA is compact is an existence theorem. See for example Exercise
160.3 below. Or recall a continuous real valued function on a compact space has a maximum (and
a minimum). For this reason, the identification of compact subsets is important, especially compact
subsets of function spaces.

Let X be a topological space and letA be a subset. We say thatA is compactif each open cover of
A in X has a finite subcover (Heine–Borel property) . It is not difficult to see thatA is compact if
and only ifA is compact in the relative topology onA. Thus compactness is an intrinsic property. A
subsetA of X is said to berelatively compactif it is contained in a compact subset ofX.

Every closed subset of a compact set is compact and the intersection of any number of closed compact
sets is compact. The continuous image of a compact set is compact. Compactness is not too well
behaved in non–Hausdorff spaces. Thus the closure of a compact set may fail to be compact and the
intersection of two compact sets may fail to be compact.

Exercise 160.1.If X is a Hausdorff topological space then each compact subset ofX is closed and
a subsetA of X is relatively compact if and only if its closure is compact.

Exercise 160.2.Let X be a compact topological space and letU be an open subset ofX. Let
(Kj)j∈J be a family of compact subsets ofX. If ∩j∈JKj ⊆ U then there is a finite setF ⊆ J such
that∩j∈F Kj ⊆ U .

Let X be a set. A family of subsetsC of X is said to have thefinite intersection propertyif each finite
subfamily has non-empty intersection. Cantor is usually credited as having formulated the connection
between compactness and the finite intersection property as indicated in the next exercise.
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How about a citation?

Exercise 160.3.Let X be a topological space. ThenX is compact if and only if each family of
closed subsets ofX with the finite intersection property has nonempty intersection.

Exercise 160.4.Let X be a compact topological space and let(Kj)j∈J be a family of nonempty
closed subsets ofX with Kj+1 ⊂ Kj for eachj ≥ 1. The∩j≥1Kj 6= ∅.

In a metric space a setA is compact if and only if each sequence inA has a subsequence converging
to a point ofA (Bolzano–Weierstrass property) . This latter property is referred to assequential com-
pactness. The open covering approach to compactness is due to Heine, Borel, Cousin and Lebesgue
and is the currently accepted definition. These two notions of compactness are not equivalent in a
general topological spaces.

Exercise 160.5.LetX be a compact metric space,A a closed subset ofX andV an open subset of
X. SupposeA ⊆ V . Show there existsε > 0 such that⋃

x∈A

W (x, ε) ⊆ V.

The following simple fact is remarkably useful.

Lemma 160.1 (Uniqueness of Compact Topology).LetX andY be topological spaces. AssumeX
is compact andY is Hausdorff. Iff :X → Y is a continuous bijection thenf is a homeomorphism.

Proof. It suffices to show thatf−1 is continuous, for which it suffices to show thatf is closed. Let
A be a closed subset ofX. By hypothesisA is compact. Thusf(A) is compact and so closed since
Y is Hausdorff.

A topological spaceX is said to belocally compactif each point inX has a compact neighborhood.
Compact and locally compact spaces have some nice separation properties.

Lemma 160.2. A compactT2 space isT4.

Proof. SupposeX is compact and T2. LetA andB be disjoint closed subsets ofX. If a ∈ A, b ∈ B
we may choose disjoint open subsetsUa,b andVa,b of X with a ∈ Ua,b andb ∈ Va,b. Let a ∈ A.
The setsVa,b form an open cover ofB. By compactness there is a finite setMa ⊆ B such that
B ⊆ ∪b∈Ma

Va,b = V ′
a . ThenU ′

a andV ′
a are disjoint open sets,a ∈ U ′

a andB ⊆ V ′
a. Hence there is

a finite setM ⊆ A such thatA ⊆ ∪a∈MU ′
a = U . Now letV = ∩a∈MV ′

a. ThenA ⊆ U , B ⊆ V and
U andV are disjoint and open.

Lemma 160.3. A T1 space isT3 if and only if each point has a neighborhood base consisting of
closures of open neighborhoods.
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Proposition 160.4. If X is a locally compact space andX is T2 or T3 then each pointx has a
neighborhood base consisting of sets of the formV whereV is an open neighborhood ofx andV is
compact.

Proof. Suppose first thatX is T3. Let U be any neighborhood ofx. Let W be a compact neighbor-
hood ofx. By the lemma above there is an open neighborhoodV of x with V ⊆ U ∩ W . Now
consider the caseX is T2. Let x ∈ X and letU be any neighborhood ofx. Again select a compact
neighborhhodW of x. Let V = (U ∩W ))◦ soV is an open neighborhood ofx. SinceX is T2 W
is closed and thereforeV ⊆ W . ThusV is compact. SinceV is open andx ∈ V we have{x} and
∂V are disjoint. SinceV is compact there are disjoint relatively open setU1 andV1 in V such that
x ∈ U1 and∂V ⊆ V1. SinceU1 ⊆ V is disjoint from∂V we haveU1 ⊆ V . SinceV is open it
follows thatU1 is open inX. SinceV1 is relatively open inV we haveU1 ⊆ V ∼ V1 ⊆ V since
∂V ⊆ V1. ThusU1 ⊆ U , U1 is compact andU1 is open.

If f :X → C is continuous we define thesupportof f as the closure of{x ∈ X | f(x) 6= 0 } and
we denote it bysupp f . HereC denotes the field of complex numbers with the usual metric. We will
define the concept of support in other contexts as well but the present definition suffices for now.

Lemma 160.5. If X is a locally compactT2 space,U is open inX, K is compact inX andK ⊆ U
then there exists a continuous functionf : X → [0, 1] such thatsupp f ⊆ U and f = 1 in a
neighborhood ofK.

Proof. For eachx ∈ K choose a compact neighborhoodVx of x with Vx ⊆ U . Choose a finite set
N ⊆ K such that the setsV ◦

x with x ∈ N coverK and letA = ∪x∈Nvx. ThenA is compact and
K ⊆ A◦. SinceA is compact we can repeat the argument and end up with compact setsA, B, C
such that

K ⊆ A◦ ⊆ A ⊆ B◦ ⊆ B ⊆ C◦ ⊆ C ⊆ U.

SinceC is compact and T2 it is T4. Thus by Urysohn’s lemma there is a continuous functionf :
C → [0, 1] such thatf = 1 on A andf = 0 on C ∼ B◦. Setf = 0 on X ∼ C. If x ∈ C◦ or
x ∈ X ∼ C thenf is continuous atx. Supposex ∈ ∂C. In this casef = 0 on the relatively open
setC ∼ B ⊆ C ∼ B◦. Choose an open setV with x ∈ V andV ∩ C ⊆ C ∼ B. Thenf = 0 on
V ∩ C and by constructionf = 0 onV ∩ (X ∼ C). Thusf = 0 onV and sof is continuous atx.
Finally {x ∈ X | f(x) 6= 0 } ⊆ B◦ implies thatsupp f ⊆ B ⊆ U .

Theorem 160.6 (Finite Partition of Unity). Let X be a locally compactT2 space and letK be a
compact subset ofX. If U1, . . . , Un are open subsets ofX and K ⊆ ∪1≤j≤nUj then there exist
continuous functionshj :X → [0, 1] such thatsupphj is compact andsupp hj ⊆ Uj for eachj and
such thath1 + · · ·+ hn = 1 in a neighborhood ofK.

Proof. If x ∈ K choose an open neighborhoodVx of x with Vx compact such thatVx ⊆ Uj for
somej. Then choose a finite setN ⊆ K such thatK ⊆ ∪x∈NVx. Let Hj be the union ofVx

for x ∈ N andVx ⊆ Uj . ThenHj is compact,Hj ⊆ Uj andK ⊆ H1 ∪ · · · ∪ Hn. Now by the
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lemma above we can choosegj :X → [0, 1] continuous such thatgj = 1 on a neighborhood ofHj ,
supp gj is compact andsupp gj ⊆ Uj for eachj. Now defineh1 = g1, h2 = (1 − g1)g2, h3 =
(1−g1)(1−g2)g3, . . . , hn = (1−g1)(1−g2) . . . (1−gn−1)gn. Thensupphj ⊆ supp gj is compact
and contained inUj andh1 + · · ·+ hn = 1− (1− g1)(1− g2) . . . (1− gn) = 1 in a neighborhood
of K.

A compactness result critical in the study of weak topologies in topological vector spaces is the
Tychonoff product theorem. Suppose we have a family of topological spaces,Xi, i ∈ I. We define
the product

∏
i∈I Xi to be the set of all functionsf :I → ∪i∈IXi such thatf(i) ∈ Xi for eachi ∈ I.

Now if Ui is open inXi andUi = Xi for all but finitely manyi ∈ I then we define
∏

i∈I Ui to be an
open rectanglein

∏
i∈I Xi. Theproduct topologyis then the topology whose family of open sets in∏

i∈I Xi contains all the open rectangles and is as small as possible.

Theorem 160.7 (Tychonoff Theorem).If Xi, i ∈ I is any family of compact topological spaces
then the product space

∏
i∈I Xi is compact.

For a proof of the Tychonoff theorem see for example [1], page 25.

One other topological theorem that we will make some use of is a famous theorem of Hahn-Mazurkiewicz
which characterizes continuous images of[0, 1] in Hausdorff topological spaces. In particular it
shows that there are some remarkable space filling curves.

A topological spaceX is said to beconnectedif it can not be written as the union of two nonempty
disjoint open subsets. It islocally connectedif each point has a base of neighborhoods consisting of
connected neighborhoods.

A compact connected locally connected topological space is called aPeano continuum. A Peano
curve is any space of the formf([0, 1]) wheref : [0, 1] → X is a continuous map andX is a
Hausdorff topological space.

Theorem 160.8 (Hahn–Mazurkiewicz Theorem).A topological spaceY is a Peano curve if and
only if it is a metrizable Peano continuum.

The Hahn–Mazurkiewicz theorem is discussed in the topology text of Hocking and Young [1].
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