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The theory of abstract metric spaces was largely createddshEt and Hausdorff. Indeed the name
metric spacgmetrischer Raum) seems to be due to Hausdorff. The familiar neighborhood formu-
lation of topology is due largely to Hilbert, F. Riesz &ehet and especially Hausdorff. Hausdorff’s
1914 book [1] became a widely used standard text.

An inexpensive and useful text with a chapter on metric spaces is Kolmogorov and Fomin, [2].

In later sections we will discuss three fundamental existence theorems in the theory of complete
metric spaces: the Banach Contraction Mapping Principle, the Baire Category Theorem, and the
characterization of compact sets in terms of total boundedness.

Let X be a set. Asemimetriqalso called guasimetri¢ on X is a function

d: X xX —R
such that
1. d(z,y) >0, d(z,z) =0
2. d(z,y) = d(y, )
3. d(z,y) < d(x,2) +d(z,y)

for eachz, y, z € X. Ifin addition we requirel(z,y) = 0 = = = y thend is called ametric A
semimetric spac@espectively, anetric spacgis a setX together with a semimetric (respectively,

a metric)d on X. Most of the results obtained for metric spaces apply equally well to semimetric
spaces, though some care is needed, as, for example, a compact set in a semimetric space need not
be closed, limits of convergent sequences need not be unique, and so forth.
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The most familiar example of a metric space is the set of real nuniberith the usual metric
dl(x7y):|x_y|7 m??JER'
Another useful metric oiR is given by

do(z,y) = | arctan(z) — arctan(y)|.

Givenz € X ande > 0 we define thepene—ball atx to be
W(x,e)={ye X | dlz,y)<e}.

A subsetJ of X is said to openif for eachz € U there ise > 0 such thai?’ (z,¢) C U. Note that
the empty sepy and the whole spac¥ are open.

A subsetV of X is said to be aeighborhoodf z if W (z,€) C V for somee > 0.

A subsetd of X is closedif its complement is open. An example of a closed set isctheede—ball
atzx
B(z,e) ={yeX | dlz,y) <e}.

Theclosureof a subsetd of X is the intersection of all closed supersetsfoflt is easy to see that
the closure ofd is closed.

Theinterior of a subsetd of X is the union of all open subsets 4f It is easy to see that the interior
of A is open.

Exercise 40.1.Show thatB(z,¢) is closed. Give an example where the closurditfz, €) is a
proper subset oB(z, ¢). Show thatV (z, €) is open.

Two important notions introduced early in the study of metric spaces are convergence of sequences
and continuity of functions. Initially these concepts are given a metric formulation, but they are
usually quickly rephrased in terms of neighborhoods and open sets.

Let (z,),-, be a sequence in the metric spaceWe say thatz,,), -, convergego = € X and we
write a

lim z, =« or x, —x
n—oo

if for eache > 0 there isN such that
d(xz,x,) <eif n> N.

We can formulate the notion of convergence entirely in terms of neighborhoods with no direct refer-
ence to the metric as follows:,, — « if and only if for each neighborhoot of x there existsV
such thatr,, € V for eachn > N.
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Let X andY be metric spaces and I¢t X — Y. Leta € X. We say thalf is continuous at if
for eache > 0 there isd > 0 such that: € X, d(z,a) < ¢ impliesd(f(x), f(a)) < e. We sayf is
continuous onX or simplycontinuousf f is continuous at each point &f.

Another important notion in metric space is uniform continuity. KeaandY be metric spaces and
let f: X — Y. We sayf is uniformly continuousf for eache > 0 there exist®) > 0 such that

d(z,y) < é§ impliesd(f(z), f(y)) < e.

An isometryis a functionf : X — Y such thatl(f(z), f(y)) = d(=,y) for eachz,y € X. Clearly
an isometry is uniformly continuous.

Let X be a metric space with metrit A sequencgz,,),,, in X is said to be &auchy sequence
if for eache > 0 there existsV such that» > N andm > N impliesd(x,,, z.,,) < €. Obviously a
convergent sequence is Cauchy.

Given any metric spac& there is a complete metric spakesuch thatX is isometric to a dense
subset ofY”. One popular proof is to defing in terms of equivalence classes of Cauchy sequences
in X. See if you can work out an argument, or see [2], chapter 2, section 7, theorem 4. Th¥ space
is essentially unique and is called tbempletion of X.

Exercise 40.2.1f the Cauchy sequende,, ), .., has a convergent subsequence then it converges.

Let X be a metric space. A subsétC X is said to becompletef each Cauchy sequence ihis
convergent to a point ir.

Exercise 40.3.Let X be a metric space. Show each complete subsEtisfclosed. IfX is complete
show each closed subset is complete.

Exercise 40.4.We know(R, d; ) is complete. Show th@R, d5) is not complete. (The metrids abd
ds are defined above.)

References

[1] Felix Hausdorff. Grund4ige der Mengenlehre(Chelsea, New York, 1949), Leipzig (Revised
1944), 1914,

[2] A. N. Kolmogorov and S. V. Fominlntroductory Real AnalysisDover Publications, Inc., New
York, 1975. Tranlated from Russian, edited and revised by Richard A. Silverman.

Copyright(©) 2003 Bent E. Petersen -3- Oregon State University, Corvallis, Oregon



Mth 614 Fall 2003 20040203 Functional Analysis

Copyright(©2003 Bent E. Petersen. All rights reserved. Permission is granted tp du-
plicate this document for non—profit educational purposes provided that no alterations
are made and provided that this copyright notice is preserved on all copies.

Bent E. Petersen 24 hour phone numbers
Department of Mathematic

Oregon State University office (541) 737-5163
Corvallis, OR 97331-4605 fax (541) 737-0517

bent@alum.mit.edu
petersen@math.oregonstate.edu
http://oregonstate.edu/"peterseb

Copyright(©) 2003 Bent E. Petersen -4 - Oregon State University, Corvallis, Oregon



Index

ball
closedB(z,¢), 2
openW (z,e¢), 2

Cauchy sequence, 3
closure, 2
completion, 3

function
continuous, 3
continuous at a point, 3
isometry, 3
uniformly continuous, 3

interior, 2
isometry, 3

metric, 1
quasimetric, 1
semimetric, 1
metric space
closed subset, 2
complete subset, 3
completion, 3
neighborhood, 2
open subset, 2

neighborhood, 2
quasimetric, 1

semimetric, 1
sequence
Cauchy, 3
convergence, 2
set
closed, 2
open, 2
space
metric, 1
semimetric, 1



