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The theory of abstract metric spaces was largely created by Fréchet and Hausdorff. Indeed the name
metric space(metrischer Raum) seems to be due to Hausdorff. The familiar neighborhood formu-
lation of topology is due largely to Hilbert, F. Riesz, Fréchet and especially Hausdorff. Hausdorff’s
1914 book [1] became a widely used standard text.

An inexpensive and useful text with a chapter on metric spaces is Kolmogorov and Fomin, [2].

In later sections we will discuss three fundamental existence theorems in the theory of complete
metric spaces: the Banach Contraction Mapping Principle, the Baire Category Theorem, and the
characterization of compact sets in terms of total boundedness.

Let X be a set. Asemimetric(also called aquasimetric) onX is a function

d :X ×X → R

such that

1. d(x, y) ≥ 0, d(x, x) = 0

2. d(x, y) = d(y, x)

3. d(x, y) ≤ d(x, z) + d(z, y)

for eachx, y, z ∈ X. If in addition we required(x, y) = 0 ⇒ x = y thend is called a metric. A
semimetric space(respectively, ametric space) is a setX together with a semimetric (respectively,
a metric)d on X. Most of the results obtained for metric spaces apply equally well to semimetric
spaces, though some care is needed, as, for example, a compact set in a semimetric space need not
be closed, limits of convergent sequences need not be unique, and so forth.
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The most familiar example of a metric space is the set of real numbersR with the usual metric

d1(x, y) = |x− y|, x, y ∈ R.

Another useful metric onR is given by

d2(x, y) = | arctan(x)− arctan(y)|.

Givenx ∈ X andε > 0 we define theopenε–ball atx to be

W (x, ε) = { y ∈ X | d(x, y) < ε } .

A subsetU of X is said to openif for eachx ∈ U there isε > 0 such thatW (x, ε) ⊆ U . Note that
the empty set∅ and the whole spaceX are open.

A subsetV of X is said to be aneighborhoodof x if W (x, ε) ⊆ V for someε > 0.

A subsetA of X is closedif its complement is open. An example of a closed set is theclosedε–ball
at x

B(x, ε) = { y ∈ X | d(x, y) ≤ ε } .

Theclosureof a subsetA of X is the intersection of all closed supersets ofA. It is easy to see that
the closure ofA is closed.

Theinterior of a subsetA of X is the union of all open subsets ofA. It is easy to see that the interior
of A is open.

Exercise 40.1.Show thatB(x, ε) is closed. Give an example where the closure ofW (x, ε) is a
proper subset ofB(x, ε). Show thatW (x, ε) is open.

Two important notions introduced early in the study of metric spaces are convergence of sequences
and continuity of functions. Initially these concepts are given a metric formulation, but they are
usually quickly rephrased in terms of neighborhoods and open sets.

Let (xn)n≥1 be a sequence in the metric spaceX. We say that(xn)n≥1 convergesto x ∈ X and we
write

lim
n→∞

xn = x or xn → x

if for eachε > 0 there isN such that

d(x, xn) < ε if n ≥ N.

We can formulate the notion of convergence entirely in terms of neighborhoods with no direct refer-
ence to the metric as follows:xn → x if and only if for each neighborhoodV of x there existsN
such thatxn ∈ V for eachn ≥ N .
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Let X andY be metric spaces and letf : X → Y . Let a ∈ X. We say thatf is continuous ata if
for eachε > 0 there isδ > 0 such thatx ∈ X, d(x, a) < δ impliesd(f(x), f(a)) < ε. We sayf is
continuous onX or simplycontinuousif f is continuous at each point ofX.

Another important notion in metric space is uniform continuity. LetX andY be metric spaces and
let f : X → Y . We sayf is uniformly continuousif for eachε > 0 there existsδ > 0 such that
d(x, y) < δ impliesd(f(x), f(y)) < ε.

An isometry is a functionf :X → Y such thatd(f(x), f(y)) = d(x, y) for eachx, y ∈ X. Clearly
an isometry is uniformly continuous.

Let X be a metric space with metricd. A sequence(xn)n≥1 in X is said to be aCauchy sequence
if for eachε > 0 there existsN such thatn ≥ N andm ≥ N impliesd(xn, xm) < ε. Obviously a
convergent sequence is Cauchy.

Given any metric spaceX there is a complete metric spaceY such thatX is isometric to a dense
subset ofY . One popular proof is to defineY in terms of equivalence classes of Cauchy sequences
in X. See if you can work out an argument, or see [2], chapter 2, section 7, theorem 4. The spaceY
is essentially unique and is called thecompletionof X.

Exercise 40.2.If the Cauchy sequence(xn)n≥1 has a convergent subsequence then it converges.

Let X be a metric space. A subsetA ⊂ X is said to becompleteif each Cauchy sequence inA is
convergent to a point inA.

Exercise 40.3.LetX be a metric space. Show each complete subset ofX is closed. IfX is complete
show each closed subset is complete.

Exercise 40.4.We know(R, d1) is complete. Show that(R, d2) is not complete. (The metricsd1 abd
d2 are defined above.)
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