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In this note we describe informally pseudo-differential operators from the point of view of con-
structing an operational calculus for certain noncommuting operators, the operators corresponding
to the position and momentum operators of quantum mechanics. All the arguments are formal yet
we obtain a description of Weyl’s quantization, [4], p. 274, in terms of pseudo-differential operator
language, which shows it to be a symmetric compromise between natural choices.

Let a, b ∈ OM . Since multiplication bya andb is continuous on the Schwartz spaceS we may define
continuous linear operators

a(X) :S → S, a(X)u = au

b(−iD) :S → S, (b(−iD)u)̂ = bû.

With this notationXk is multiplication by the coordinate functionxk andDk is differentiation with
respect to the coordinate functionxk and we have created a simple operational calculus for the
operatorsXk and for the operatorsDk. If we try to extend our operational calculus to the full2n
operators we have a problem since they do not commute,

DkXk −XkDk = I.

How then do we definep(X, iD) for a suitable functionp?

If we think of differentiating first, and then multiplying, we are led formally to the definition

p(
2

X,−i
1

D)u(x) = (2π)−n

∫
ei<ξ,x>p(x, ξ)û(ξ) dξ

= (2π)−n

∫∫
ei<ξ,x−y>p(x, ξ)u(y) dy dξ,

where the overset numbers indicate the order. Alternately, if we multiply first and then differentiate
we have

p(
1

X,−i
2

D)u(x) = (2π)−n

∫∫
ei<ξ,x−y>p(y, ξ)u(y) dy dξ,
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The first operator order is useful for dealing with partial differential operators given in the the usual
form

P =
∑
α

i−|α | aαDα,

and generalizations, and the second operator order is useful for the transpose of such operators and
generalizations. To deal with compositions we have to extend our operational calculus to functions of
more variables and deal with more orders. It is natural to ask if there is a more symmetric approach.

In Hermann Weyl’s book, [4], p. 275, he describes a rule for quantization of classical observables,
functionsp of x andξ as above. The quantum observables are then suitable operatorsp(X,−iD).
Weyl’s approach is to use the formal Fourier inversion formula forp(x, ξ) in terms of its Fourier
transformp̃(η, y).

The Weyl quantization by means of the Fourier transform may may be used to construct an opera-
tional calculus for anyn−tuple A = (A1, A2, · · · , An) operators on a given space. If we have a
functionf of n variablesx1, · · · , xn then we have the formal Fourier transform and formal inverse
transform

f̂(ξ) =
∫

e−i<ξ,x>f(x) dx

f(x) = (2π)−n

∫
ei<ξ,x>f̂(ξ) dξ.

We definef(A) by substitutingAk for xk in the inverse transform,

f(A) = (2π)−n

∫
ei<ξ,A>f̂(ξ) dξ.

Here the operatorei<ξ,A> is defined in any one of the usual ways of defining the exponential of
a suitable operator. See Robert F. V. Anderson, [1], for a treatment of this theory for operators on
Banach space.

Let’s return to the Weyl quantization. Here are the Fourier transform and inverse transform:

p̃(η, y) =
∫∫

e−i<η,x>−i<y,ξ>p(x, ξ) dxdξ

p(x, ξ) = (2π)−2n

∫∫
ei<η,x>+i<y,ξ>p̃(η, y) dη dy.

If we substituteX for x and−iD for ξ we obtain the Weyl operatorWp defined by

Wp = (2π)−2n

∫∫
eT (η,y)p̃(η, y) dη dy,

whereT is a family of first order differential operators given by

T (η, y) = i < η,X > + < y,D > .

Since
[< y,D >, i < η,X >] = i < y, η >
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we have to be careful when computingeT (η,y). Let φ be the integrating factor forT , that is,

T (η, y)u = e−φ < y,D >
(
eφu

)
.

This requires that
< y,D > φ(x) = i < η, x >

and a quick calculation yields

φ(x) = i | y |−2
< η, x >< y, x > − i

2
| y |−4

< y, x >2< η, y > .

From the definition of the integrating factor we have

eT (η,y)u = e−φe<y,D>
(
eφu

)
.

The exponentiale<y,D> is easily seen to be the translation operatorτ−y. Therefore(
eT (η,y)u

)
(x) = eφ(x+y)−φ(x)u(x + y).

Some simple algebra shows

φ(x + y)− φ(x) = i < η, x +
y

2
>=

i

2
< η, y > +i < η, x >

and therefore

ei<η,X>+<y,D> = e
i
2 <η,y>ei<η,X>e<y,D>

This formula is a very nice example of the breakdown of the group property of the exponential in the
case of noncommuting variables. Such problems are usually studied with the help of the Campbell-
Hausdorff formulae, see [2].

Let’s return to calculating the Weyl operator. From our calculation ofeT above we have

Wpu(x) = (2π)−2n

∫∫
p̃(η, y)ei<η+ y

2 >u(x + y) dy dη

= (2π)−n

∫∫
p̂

(
x +

y

2
, y

)
u(x + y) dy

where we have inverted the Fourier transform relative to the first variables, sop̂ denotes the Fourier
transform ofp relative to the second set of variables.

Inserting the definition of the Fourier transform̂p we have

Wpu(x) = (2π)−n

∫∫
e−i<ξ,y>p

(
x +

y

2
, ξ

)
u(x + y) dy dξ

= (2π)−n

∫∫
ei<ξ,x−y>p

(
x + y

2
, ξ

)
u(y) dy dξ.

This last expression shows how the Weyl operator is a nice symmetric compromise between multi-
plying first, and then differentiating, and differentiating first and then multiplying.
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Exercise 1. If p(x, ξ) = ixkξk thenWpu = 1
2u + xkDku = − 1

2u + Dk(xku).

A good reference for the Weyl quantization from the pseudo-differential operators point of view is
Hörmander, [3].

Copyright c©2004 Bent E. Petersen. All rights reserved. Permission is granted to du-
plicate this document for non–profit educational purposes provided that no alterations
are made and provided that this copyright notice is preserved on all copies.

Bent E. Petersen 24 hour phone numbers
Department of Mathematics
Oregon State University office (541) 737-5163
Corvallis, OR 97331-4605 fax (541) 737-0517

bent@alum.mit.edu
petersen@math.oregonstate.edu
http://oregonstate.edu/˜peterseb

References

[1] Robert F. V. Anderson. The Weyl functional calculus.J. Functional Analysis, 4:240–267, 1969.

[2] G. Hochschild.The Structure of Lie Groups. Holden-Day, San Francisco, 1965.
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