1 Singular Homology

The standard n-simplez A™ C R™*! is the set
A" ={(to,t1,.. o ta) CR™ Y, =1, £,>0, 0<i<n}.
i=0

A singular n-simpler in a topological space X is a map ¢”: A" — X. Denote the free
abelian group generated by singular simplices by C,(X) — thus elements o of C,(X),
known as singular n-chains, are formal finite sums o = ). n;0;, n; € Z.

Let F': A"! — A™ be the map

Fﬁ(to, cee ,tz;l,tl'. e ,tnfl) = (to, e ,ti,l,O,ti, cee ,tnfl). (1)

)

The boundary map 0, = 0: Cp(X) — C,_1(X) is the homomorphism defined on sin-

gular simplices by

Opo" = Z(—l)ianoﬂn, n > 0.
i=0
We also let dy = 0. When there is no danger of confusion, we often omit the reference
to dimension and simply write o, 0, etc.

Proposition 1. The boundary maps satisfy 0,10, =0, n > 1.
Proof. Let j <1i. We compute

Finoﬁgl_l(toa 00 c 7tn—2) = (toa 000 )tj—la O)tja cee 7ti—2a O)ti—la 00 0o 7tn—2)
= F} o F' 7 (to, - -, tn—2)-

Hence
n n—1
8n—1(an0) = Z (—1)i+j o OF;-n on”_l

i=0 j=0
@l n—1 n

= Z(—l)H‘J o oF;n oFJn_l + (_1)Z+j o OFvin OFJn—l (2>
=0 =y §=0 i=j+1
n-1 J n—1 n

= (—1)Z+JgoFZ,nOFJﬂ—1 + (_1)Z+jUOF‘177‘10Fi71_11.
=0 i=0 0 i1
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But

n—1 n n—1 n—1
(_1)24—] o onn OFin—_ll _ Z Z(_l)z+j+1 o onn OFZ-n_l
§=0 i=j+1 §=0 i=j
n—1 n—1 n—1 j (3)
_ (_1>i+j+1 o oFZ»”oFf_l _ Z Z(_1>i+j+1 - oF]noFi”_l.
=U g j=0 i=0
Now equations (2) and (3) together prove the claim. QED

As a corollary, the groups C, (X)) alongside the boundary maps 0 form a chain complex

B (X) 28 () 2 O () 2T

called the singular chain complex on X. Singular chains belonging to Z,,(X) = ker 9,

are called n-cycles while those in B,(X) = Imd,,1 are n-boundaries. Obviously,
B,(X) C Z,(X), so that the singular homology groups
Hy(X) = Zu(X)/Bu(X), 1 2>0, (4)

of X are well defined.
A map f: X — Y induces a map on singular simplices by composition,

fi(c™) = foo", where o™ : A" — X.
We extend f; linearly to maps f;: C,,(X) = C,(Y), n > 0.
Proposition 2. The maps f;: C,(X) — C,(Y) are chain maps; f300, = Oy ° fz, n > 0.
Proof. By linearity it suffices to show that
f4(Ono) = 0n(fi0)

for a singular simplex o on X. We compute

FolOuo) = 3 (F1)' fulo o F7) = 3 (1) felo o F)
= 2_(F1)(fe0) o F' = 0u(f °0) = Ou(fy)

QED
Thus by Proposition 2, the maps f; descend to maps
fror Ho(X) — Hu(Y), n >0,

in homology by the prescription f,[o] = [fijo], where 0 € Z,(X). As is easily verified,
fx yields a well-defined map between homology classes.
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2 Homotopies

Maps f, g: X — Y are homotopic provided there is a homotopy connecting f to g,
that is, a map H: X x I — Y with H(x,0) = f(z) and H(z,1) = g(x) for all x € X.

Here I = [0, 1] denotes the closed unit interval.

Our goal is to show that homotopic maps induce identical maps in homology. For

this we start by defining maps EI': A" — A" and S;: A" — 1. 0<i<n, by

El-n(to,tl, o0 o ,tn+1> = (to, 000 ,tifl,ti +ti+1;ti+2; 000 7tn+1>7
Si(to,t]_, 000 7tn+l) - ti+]_ + s + tn+1.

Proposition 3. Let ', E, S; be as in equations (1), (5), and (6). Then

ot = JE BT i< =2
Y FroEMY, izj+1
Eln oﬂn+1 =) E,Ln OF?}jll = Zd7

6 o bl S, if i < 7
v S, ., ifi>j.

1

Proof. The proof is based on direct computations. Assuming that ¢ < j — 2,we have

E o F (to,. .. tn) = El(toy -, t-1,0, 85, .., tn)
= (to, 000 ,tifl,ti + ti+1,ti+2, 000 ,tjfl, O,tj, 000 ,tn)
= F(toy s tins bt tivay - i, -y )
= F 0B Yty -y bicts b bigts Tinay - - Ej1, By - B,
which proves the first equation in (7).
Next assume that ¢ > j + 1. We compute
El o FM* (to, ... tn) = EP(to, - ., t5-1,0,t5,. .., 1n)
= (to, e ,tjfl, O,tj, e ,ti,Q,tifl + ti,ti+1, ce e ,tn)
= Fi(toy- -1 tj-1,t5,- - tica b T, b1, - - Tn)
- F;q'loEin_711<to7 o 7tj*17tj7 00C 7ti727t1'717t’i7ti+17 000 7tn>
Thus the second equation in (7) holds true.
Now let j =17 or j =i+ 1. In each instance we have that
Er o FM (to, ... tn) = El(to, .. -, tj-1,0,85,. .. ,tn)
= (toa o ,tjfl,tj, oo ,tn),
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which proves (8).
Finally, we compute

S;o M (to, ..y tn) = Sitoy - - -1 tj-1,0,85, .. ., )
bttt i<y (10)
it ifi>

This concludes the proof of the Proposition.

QED

Now given a map H: X x I — Y, the prism operator Py : C,(X) — Cpi1(Y), n >0,
associated with H is the homomorphisms defined on singular simplices by

n

Py(o") = Z(—l)iH<JnoE;l’ Si); (11)

i=0
that is,

Py (0™)(toy - - tns1) = D (=1 H(0 (toy - - timty by tigts oy bngt), tigr + -+ tng).

We compute

n+1 (12)
= S Y CUH" e By F, S0 FFHY).
=0 j7=0
By proposition 3,
oo Bl o FlN! = 0" o Bl o FIY, S;oFif! = Si o FY

Hence the terms in (12) corresponding to the index values i = k, j = k+1 and i = k+1,



j=k+1,0<k<n-—1, cancel pairwise. Thus (12) reduces to

n i—1
OPy(c™) = H(co", 1) — H(c",0) —1—22 1) H(o" o E} o F}*, S, 0 F7TY)
=1 7=0
n—1 n+l
+Z Z H—]HO' OEnOFn—H S Fn+1)
=0 j=1i4+2
n  i—1
=H(o", 1) = H(0",0)+ > Y (-1)"H(o" < F}'<E}7, S; ;)
=1 7=0
n—1 n+1
+2_ 2 (CUTH@FL BT S),
1= O] 142
' (13)
= H(o™, 1) — H(c™,0) +ZZ 1) H (0" o FP o P71, S))

7,()]0

+Z Z ) H ("o Fl o EP, S))
1=0 j=i+1

n—1 n

=H(o" 1) - )= > D (1M H(o"oF}-E™, )
=0 7=0

=H(o",1) — H(0",0) = Py () (-1)/o" < F}")
§=0
= H(o", 1) — H(c",0) — Py (dc™),
where in the second step we used the equations of Proposition 3. In the above expres-

sions the first and second terms on the right-hand side arise from the summands in (12)
corresponding to the index values ¢ = j = 0 and ¢ = n, j = n + 1, respectively.

Lemma 4. Let H: X xI — Y be a homotopy between maps f: X =Y andg: X — Y,
and let Py be the prism operator associated with H. Then

gs(c™) — fy(o") = O(Pyo") + Py (do™), for all o™ € C,(X), n > 0. (14)

Proof. Now H(-,0) = f, H(-,1) = g, so the result immediately follows from the com-
putation in (13). QED
In general, a chain complex is composed of a sequence C = {C,,d,} of abelian

groups C,, n € Z, and homomorphisms 0,,: C,, — C,,_; such that 9,°9,_1 = 0. Write



ker 9, = Z,(C), Im 0,11 = B,(C). Elements of Z,(C) and B,,(C) are known as n-cycles
and n-boundaries, respectively. The quotient group

is called the n'" homology group of C.

A chain map f = {f,} between two chain complexes C = {C,,d,}, D = {D,,0,}
consists of homomorphisms f,,: C,, — D,, with 9/ f, = f,-10,. Clearly a chain map
sends n-cycles/n-boundaries in C to n-cycles/n-boundaries in D. Consequently, a chain
map f = {f,} induces well-defined maps

fn*: Hn<C) — Hn(D)

in homology by f.«[o] = [fno], where the square brackets indicate the class of an n-cycle
in homology.

Two chain maps f = {f,}, g = {g.} are chain homotopic provided that there are
homomorphisms h,, : C;, = D, 41 so that

fn — Gn = hn—lan + a;L.th‘ (15)
Given a n-cycle o in C, definition (15) implies that

fna = gno £ a;ﬁl (hn0->’

so that the difference between f,o and g,0 is a boundary in D. It follows that f and
g induce identical mappings in homology, f.. = gn. for all n.

Theorem 5. Let H: X x I — Y be a homotopy between maps f: X — Y and
g: X — Y, and let Py be the prism operator associated with H. Then Py provides
a chain homotopy between the chain maps fy, gs: Co(X) — Cu(Y). Thus f and g in-
duce identical maps in singular homology, f. = g«: Ho(X) — H.(Y).

The proof of Theorem 5 is a direct consequence of Lemma 4.

Recall that spaces X, Y are homotopy equivalent if there are maps f: X — Y,
g: Y — X so that the compositions go f and fog are homotopic to the identity maps
on X and Y, respectively.

Corollary 6. Suppose X and Y are homotopy equivalent under f: X — Y. Then
fo: Ho(X) = HL(Y) is an isomorphism.



