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Abstract

Let T% = T% = 0 be a system of differential equations for the components of a
metric tensor on R™. Suppose that T transforms tensorially under the action
of the diffeomorphism group on metrics and that the covariant divergence of T
vanishes. We then prove that T = Eab(L) is the Fuler-Lagrange expression some
Lagrangian density L provided that T is of third order. Our result extends the
classical works of Cartan, Weyl, Vermeil, Lovelock, and Takens on identifying
field equations for the metric tensor with the symmetries and conservation laws
of the Einstein equations.
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1 Introduction and main results

The time-honored Noether’s theorems [23] establish a correspondence between symme-
tries and conservation laws for the Euler-Lagrange equations of a classical variational
problem. Noether’s first theorem states that every infinitesimal symmetry of the varia-
tional problem determines a differential conservation law for the Euler-Lagrange equa-
tions, and conversely that, under certain mild non-degeneracy conditions, conservation
laws can be associated with symmetries of the variational problem. Noether’s second



theorem, in turn, asserts that infinite dimensional symmetry pseudogroups of the varia-
tional problem involving arbitrary functions of all the independent variables correspond
to differential identities among the equations.

In 1977, F. Takens [27] considered the following novel and very distinct aspect of the
interplay between symmetries, conservation laws and variational principles for systems
of differential equations:

Let T be a Lie algebra of vector fields defined on the space of independent
and dependent variables, and suppose that a system of differential equations
1s invariant under I' and that each element in I' generates a conservation law
for the system. Does it then follow that the system arises from a variational
principle?

In his original paper Takens studied the question for second order scalar equations,
systems of linear equations, and equations arising in metric field theories. Takens’
results for second order scalar equations and for systems of linear equations were sub-
sequently generalized by Anderson and Pohjanpelto [7], [8], [24]. We refer to [7] in
particular for more background material and motivation on Takens’ problem.

In addition to the papers listed above, there is an extensive literature dealing with
the existence of variational principles for systems of differential equations admitting a
Lie algebra of symmetries and the corresponding conservation laws within the context of
Noether’s second theorem, that is, where the symmetry group is the infinite dimensional
group of coordinate transformations of the underlying manifold and the conservation
laws express the vanishing of the covariant divergence (or some variant of it) of the field
equations. This work is largely directed towards the axiomatic characterization of the
Einstein equations. The original classification results of Cartan [11], Vermeil [28], and
Weyl [29] establish that second order quasi-linear field equations for the metric tensor
possessing the symmetries and conservation laws of the Einstein equations necessarily
arise from a variational principle. These results were later extended to general, fully
nonlinear second order systems for the metric tensor and to third order systems in the
3-dimensional case by Lovelock, [16, 17, 19], again by a detailed classification of all
equations with the required properties. A direct proof for second order systems based
on the analysis of the Helmholtz conditions [2], i.e., the integrability conditions for
the existence of a variational principle, can be found in [27]. Lovelock’s results were
later generalized to metric-scalar [13], [14], metric-vector [18], and metric-bivector [20]
theories. Anderson [3] subsequently provides a general characterization of second order
divergence free systems for the metric tensor and an auxiliary independent tensor field,
subsuming in part the above-mentioned works on combined metric field theories.

In [15], Horndeski attempts to extend Lovelock’s work to general third order equa-
tions with the symmetries and conservation laws of the Einstein equations. However,
the treatment for the existence of a variational principle falls short of a comprehen-
sive result due to a restrictive extraneous assumption that the zeroth order Helmoltz
conditions for the system be invariant under the action of the diffeomorphism group.



The next important step extending Lovelock’s work was the introduction of the
generalized Cotton tensors in [1]. These tensors and their construction is placed into the
proper differential geometric context by Anderson [5] as the Euler-Lagrange expressions
of Lagrangians derived from the Chern-Simons forms of Riemannian geometry. As is
discovered in [5], these analogs of the classical Cotton tensors of 3-dimensional conformal
geometry play a key role in the equivariant inverse problem of the calculus of variations
for metrics.

The aim of this paper is to extend the results of Cartan, Vermeil, Weyl, and Lovelock
to general third order field equations for the metric tensor with the symmetries and
conservation laws of the Einstein equations. As is intimated by the intricacy of the
constructions in [1], [5], a direct classification of third order equations along the lines
of the original works on the subject would be a formidable undertaking. However, as
is well known, the existence of a local Lagrangian for a system of differential equations
is ensured by the vanishing of the classical Helmholtz conditions for the equations, and
our problem is rendered tractable by an analysis of these conditions for systems sharing
the properties of the Einstein equations.

To describe our results more precisely, write (x¢) for the coordinates on R™. A
metric

g = gupdr® ® da®

on R™ is a symmetric type (0,2) tensor field with g = det(g.) # 0, where the gg
stand for the components of g. In this paper we consider metrics of fixed but arbitrary
signature. The action of the Lie algebra X'(R™) of vector fields on metric tensors via
pull-back gives rise to the infinitesimal transformation group

0
26 e | € € X(E™)) (1.1)

;0
o= {xe-en

on the coordinate space G = {(z, gpc) }.
The metric tensor g is subject to a system of kth order partial differential equations

ab _ ab 7 _ _
T = T( )(LC y Jeds gcd,ilagcd,iliga e 7gcd,i1i2-~ik) = 0, a, b = 1, .o, Mm,

where geq,i,i,.4, denotes the derivative of g.q with respect to the independent variables

xi g2, . x. The operator T® is locally variational if it can be written in some
neighborhood of each point of its domain as the Euler-Lagrange expression
oL oL oL
T* =E"(L) = - D, (—)+Di1Di2(—)—m (1.2)
agab agab,il agab,iliQ

of some locally defined Lagrangian

_ C
L= L($ yGeds Ged,iv y Jed,ivigs « - 7gcd,i1i2~~~il)

depending on the components of the metric tensor and their derivatives. Here D;
denotes the standard coordinate total derivative operator.
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If the Lagrangian L transforms as a scalar density, that is,
Lox,L=prXe(L)+div§ L =0, for all X¢ € g, (1.3)

or, equivalently, the density L, = g7'/2L is invariant under the prolonged action of g,
then the Euler-Lagrange expressions T = E“b(L) constitute a tensor density, whereby

Lo, T® = pr Xe (T%) =269 TP 1 dive T =0, for all X¢ € g. (1.4)

Here £ denotes the standard Lie derivative operator. Lagrangians L and differential
operators T satisfying (1.3) or (1.4) are also known as natural tensor densities.

In addition, in light of the diffeomorphism invariance (1.4), Noether’s second theo-
rem implies that the components T = E“b(L) are divergence-free,

DyT + T'¢ T = 0, (1.5)

where the I'y, denote the standard Christoffel symbols of the metric g.

In the present paper we investigate a partial converse to Noether’s second theorem
for third order operators for metrics, that is, whether a symmetric, type (2,0) differen-
tial operator T = T(@) (T, Geds Ged iy s Jed.ivias Jed.irinis ) Satisfying the invariance condition
(1.4) and subject to the differential constraints (1.5) coincides with the Euler-Lagrange
expression of some Lagrangian L.

Our main result is the following.

Theorem 1. Suppose that a third order differential operator

ab _ ab 7 _
T = T( )(iL’ s Geds gcd,il 5 gcd,ilizagcd,iligig)a a, b= 17 s,y

admits the symmetries (1.4) and satisfies the differential constraints (1.5). Then T
is locally variational. Moreover, suppose that T® is everywhere smooth. Then it can be
written as

(1.6)

Tab _ E“(L), ifm=0,1,2 mod 4,
E®(L)+C%,  ifm=3 mod 4,

where the Lagrangian L is a scalar density satisfying (1.3) and C& is the generalized
Cotton tensor associated with an invariant polynomial P on so(p,q), p+q =m, of degree

(m+1)/2.

The generalized Cotton tensors C% are, therefore, locally variational, but, as is
proved in [5], they can not be written as the Euler-Lagrange expressions of a natural
Lagrangian. In the physically most relevant situation with m = 4, Theorem 1 asserts
that if a third order, natural system of differential equations

T“b(gcd, gcd,i17gcd,i1i27gcd,iligig) =0, where T = T(ab),



for the components g.; of the metric tensor is divergence free (1.5), then there is a
natural Lagrangian L so that T = E*°(L).

This paper is organized as follows. After covering some preliminary material relevant
to the problem at hand in section 2, we analyze in section 3 the relationship between
symmetries (1.4) and the conservation law (1.5) for metric field equations. In particular,
we show that any natural differential operator T admitting translational conservation
laws is necessarily divergence free. This interesting though elementary fact does not
seem to have been previously noted in the literature. Then in section 4 we present
the proof of Theorem 1 and, finally, in section 5 we discuss some open problems and
generalizations of the work at hand.

2 Preliminaries

In this section we collect together some basic definitions and results from the formal
calculus of variations on jet spaces germane to the problem at hand. For more details
and proofs we refer, e.g., to [2, 23].

Let G — R™ be the trivial bundle of metrics, that is, of non-degenerate sym-
metric bilinear forms on R™ with fixed signature. Denote the coordinates of R™ by
(z,22,...,2™). Then the components gs = gy of a metric g are determined by
g = gupdzr® ® dab, so that, as a coordinate bundle,

G={(2" gu)} = {(z%)}, where a < b.

We denote the bundle of order k jets, 0 < k < oo, of local sections of G by J*(G); in the
induced coordinates

Jk(G) = {(xz7 Gabs Gab,iy s abyivios -« -y Jabjivig--igs - - - 7gab,i1i2---ik)}7 (21>

where gupiyipis @ < b, stands for the [-th order derivative variables. For notational
convenience we let Gupijivi, = Jbairip—i;s When a > b. We also use gl¥l to collectively
designate all the variables gup,...,, p=0,...,k, up to order k.
Let I = (41,i2,...,4), 1 < i, <m, denote an unordered multi-index of length |I| = [.
Define partial derivative operators 9%/, 1 < a,b<m, |I| >0, by
5 agb 501 giz...5%)

0L g :{ (c“d)” 1%52" ik if 7] = |71, (2.2)

0, if [1]#[.J],

where round brackets indicate symmetrization in the enclosed indices. Then, for exam-
ple, the standard coordinate total derivative operators D; on J*(G) are given in terms
of the differential operators (2.2) by

0
=+ > Gab, 10 i=1,2,...,m. (2.3)

Di = a i
L1320




The expression (2.3) leads to the commutation formula
[8ab,l’ D]] — aab,(i1~..ik715;k)‘ (24)

We will employ the standard Einstein summation convention in what follows.
The flow of a vector field

o 0 )
X = Pl(mjvgcd)% + Qab($j>gcd)aab (25)

on G induces a transformation on the space of sections of G, and, hence, by differen-
tiation, it generates a local 1-parameter transformation group acting on J*(G), k > 0.
The associated infinitesimal generator is called the k-th order prolongation of X and
is denoted by pr* X. The components of pr* X are given by the usual prolongation
formula

pr* X = P'D;+ Y Dy(Xeya)0™7, (2.6)

[I|<k

where the X,y o, denote the components of the evolutionary form

Xev = (Qab - chab,c)aab

of X and where, given a multi-index I = (i1,...,7;), we use the abbreviated notation
D; = D;--D;, . We will also write pr° X = prX. The vector field (2.5) is called
projectable if the coefficients P® = P?(x?) are functions of the independent variables x?
only. In particular, the infinitesimal generators of the action by the lifted diffeomor-
phism group (1.1) form a Lie algebra g of projectable vector fields on G with

Xf,ev,ab = _2§7c(agb)c - gcgab,c-
We associate to a given differential operator T% = T (¢, g*]) the source form
T =T"gu, A v, (2.7)

where v = dx! A dx? A--- Adx™ is the standard volume form on R™. The source form
T is called natural if T is invariant under the prolonged action of the diffeomorphism
group ¢, that is,

Lo x, T =0, for all £ e X(R™),

where X is defined in (1.1). As is easy to verify, a source form T = T%dg,, Av is natural
precisely when the components T form a tensor density as in (1.4). A vector field X
on G generates a conservation law for T if there are differential functions ¢ = ti(x7, gl!),
1=1,...,m, so that
Xev.aT? = Dt (2.8)
The source form T is said to be derivable from a wvariational principle if there is a
Lagrangian function L = L(z%,g!") such that T is the Fuler-Lagrange expression of L,
ie.,

T =E*(L)= > (-D);(0™'L). (2.9)

|7|>0
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It will be convenient to call
A= Lz, gy v
a Lagrangian n-form and

E(\) = E*(L) dga, A v

the Fuler-Lagrange form associated with A. As is well known [2], the Euler-Lagrange
operator commutes with the prolonged action of projectable transformations on G;
infinitesimally,

E(ﬁer)\) = EerE()‘)> (2'10)

for every projectable vector field X and Lagrangian form A\, where £ denotes the stan-
dard Lie derivative operator.
The Helmholtz operator Ht acts on evolutionary vector fields Y = Y,;,0% on G by

Hr(Y) = Loy T - E(Y = T), (2.11)
cf. [9]. If we write
ab,cd,I
HT(Y) = Z (D[}/;d)HT dgab AV, (212)
|7]>0

then the components H2**" of Hy are explicitly given by
He el = gedIab _ (_)HIEeb (Ted), |1} > 0. (2.13)

Here the E®! denote the higher Euler-Lagrange operators [2] acting on a differential
function F' defined on some J*¥(G) by

BN (F)= Y (III‘;\lJI)(_D)J(aabJJF), 1] > 0.
|J|=0

Note that if T = T®(zi, gl*)dgq, A v is of order k, then HY**' = 0 for |I| > k and for
11| =0,...,k, the components H®“*" are of order at most 2k — |I].

It is not difficult to see that a source form T = E(L) deriving from a variational
principle satisfies the Helmholtz conditions Hy = 0, or, in components, H%b’Cd’I = 0.
Conversely, one can show [2] that if the Helmholtz conditions Hr = 0 are satisfied, then,
at least locally, that is, in some neighborhood of each point in its domain in J*(G),
the source form T can be written as the Euler-Lagrange expression of some Lagrangian
L. Accordingly, we will call a source form satisfying the Helmholtz conditions locally
variational.

Proposition 2. Suppose that X = P'0/0z" + Q0% is a projectable vector field on
G and that a source form T is invariant under the prolongation pr X of X. Then the

components H?Fb’Cd’I of the Helmholtz operator Hy associated with T satisfy the invariance
conditions
oPi
er(H%b,cd,I) n Z H%b,efJacd,lQefJ + HeTf,cd,]aaerf " WHaTb,cd,I =0, (214>
712111 v

where Qeq.; denotes the geq.r-component of prX.
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Proof. We first compute

ﬁer (HT(Y)) = Eer(EerT) - EerE(YJ T)

= Lovix )T - E((LpxY) = T) = He([X,Y]), (2.15)

where we used the invariance of T and the equivariance of the Euler-Lagrange operator
under the prolonged action of projectable transformations. Next write Y = Y_ ;0.
Then, on account of (2.12),

Loex (Hp(Y)) = (er(H“Tb’Cd’I)DIYCd+H9fb’6d’1er(D1YCd)

|7]>0

, (2.16)
ef,cd,l ab opr ab,cd, I
+ HY Y (DrYeq) 07 Qe y + E H ™ DrYeq |dgay A v.
The identity
[prX,prY]=pr[X,Y]
yields
pr X (D;Yea) = Di([X,Y ]ea) + pr Y (Qear)
= Di([X,Y]e) + 3 (DsYer)0 Quar. (2.17)

|J|=0

Now by virtue of (2.17), equation (2.16) becomes

Loex (He(Y)) = (er(HaTb’Cd’I)DIch+H§b’“”1DI([X, Y ]eq)
|7|>0
+ Z Hgfb70d’I(DJ5@f)aef’Jch,I + HeTf’Cd’I(DIYCd)aaerf (2.18)
|J]>0
OPi

to H‘}b’Cd’IDIYCd)dgab AV

A comparison of (2.15) with (2.18) yields equation (2.14), as required. QED

Proposition 3. Let T be a third order source form. Then the components HCTLb’Cd’,
HO el Ha e {qabebih of the Helmholtz operator associated with T satisfy the inte-

grability conditions

HaTb,cd N H%j,ab _ DiHaTb,cd,z' D, DjHaTb,cd,ij + DD, DkHaTb,cd,ijk’ (2.19a)
Febedi [t Z o p A 3 ) D bk (2.19Db)
HaTb,cd,ij . Hrclfl,ab,ij _ 3DkH%b’Cd’ijk, (2.19¢)
pebedisk _ gedabisk _ (2.19d)



Proof. Equations (2.19) can be derived by direct computation using the expressions
(2.13) for H®**" Since T of order 3, these yield

HaTb,cd,ijk _ acd,ijkTab n 8ab,ijchd, (2_2())
which immediately implies equation (2.19d). Likewise, by (2.13),
HaTb,cd,ij 4 H%i,ab,ij _ 3Dk(aab,ijchd + acd,ijkTab) _ 3DkH%b7Cd7ijk7
so that (2.19¢) holds true. Next we compute
ab,cd,i cd,ab,i
Hy - Hyp
— 2Dj(8cd,ijTab _ aab,ichd) + 3DjDk(aab,ijchd _ 8cd,ijkTab)
— 2Dj(acd,ijTab _ aab,ichd + 3Dkaab,ijkTCd) _ BDjDk(aab,ijchd " acd,ijkTab)
ab,cd,ij ab,cd,ijk
= 2DjHT ) - ?)D]DkHT J ;
which yields (2.19b). Finally,
H%b’Cd 4 Hrcrd,ab _ Di(acd,iTab + aab,iTcd)
_ DiDj(acd,ijTab + aab,ichd) + DiDjDk(aCd’ijkTab + 8ab,ijchd)
— Di(acd,iTab + aab,iTcd _ 2Djaab,ichd + 3DjDkaab,ijchd)
_ DiDj(aCd7ijTab _ aab,ichd + 3Dkaab,ijchd) n DiDjDk(aCd’ijkTab + aab,ijchd)
which proves the first identity (2.19a). QED

Remark 4. The Helmholtz operator Ht can also be characterized in terms of the
differential dy, of the variational bicomplex [2] as Ht = dyT, whereby the foregoing
conditions ensue from the general identity 62 = 0.

The following Lie derivative formula, as established in [2, 7], is central in the proof
of our main Theorem.

Proposition 5. Let T be a source form and X a projectable vector field on G. Then
LoxT=E(Xe - T)+Hp(Xey). (2.21)

An extension of the Lie derivative formula (2.21) to non-projectable, generalized

vector fields can be found in [2]. If T is a locally variational source form, then equation
(2.21) reduces to
LoyxT=E(Xe~T).

Now
‘CerT =0,
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if the source form is invariant under X, that is, if X is a distinguished symmetry of the
system T% = 0, while
E(Xew-oT) =0,

provided that X generates a conservation law for T; see [2]. Thus equation (2.21) fur-
nishes a version of the classical Noether’s theorem for projectable vector fields expressed
directly in terms of the system of differential equations without explicit reference to a
Lagrangian.

On the other hand, in the situation of Takens’ problem, each vector field X belonging
to the Lie algebra I is, by prescription, a symmetry of the source form T and generates
a conservation law for T. These requirements lead to the conditions

Hr(Xev) =0, for all X €T,

on the Helmholtz operator of T. The primary objective in the analysis of Takens’
problem is to identify, on mathematical or physical grounds, interesting classes T of
source forms (i.e., differential equations) and symmetry algebras I" of vector fields so
that one will be able to classify all [-invariant Helmholtz operators Ht with T € T
satisfying the conditions Hp(X.) =0, X €T

We conclude this section by briefly recalling the construction of the generalized
Cotton tensors C'p. For more details and proofs we refer to [5].

Let w! = I, dx*, i,j = 1,...,m, denote the connection forms of the Riemannian
connection associated with a metric g, and, as usual, write

T A RN R

Q) = dwj + wj, Aw;

for the associated curvature form. In terms of the components of the Riemannian
curvature tensor,

1

Q§=2

Rijkld.ﬁk A dl‘l.
Next let
try:gl(m) >R, tr.(A) =trace(A"), r=1,2,...,

denote the elementary polynomials on the Lie algebra gl(m) invariant under the adjoint
action of the general linear group GI(m). As is well known [26], any O(p,q), m =p+gq,
invariant polynomial P € I?"(so(p,q)) of homogeneous degree 2n on the Lie algebra
so(p, q) of the orthogonal group O(p,q) can be expressed as P = p(try, try,. .., trys) for
a uniquely determined polynomial p:Rs — R.

Next assume that m = 4n-1. We associate to a polynomial P = p(try, try, ... tros) €
I?"(so(p,q)) the second order differential functions E&(g) by

Bg"(g)v = g"'Py(Q) A dz”,
where the Pj are the components of the derivative of P, that is,

d
EP(A”LtB)h:O = Z(A)Bg-

10



Now the generalized Cotton tensors are defined by
CP(g) = Cgbdgab A,

where the components C% are, by definition, given by the covariant derivatives

1
Cg = SVEE(2) + FE*(8).

One can show that Cp(g) is a third order, locally variational natural source form [5].
When m = 3 and P = try, the Cotton tensor Cp agrees with the well-known Cotton-York
tensor, [12, 30].

The following theorem is proved in [5].

Theorem 6. Let T be a natural, locally variational source form. Then T can be ex-
pressed as

E(A fm=0,1,2 d 4;

={ (M), ifm=0,1,2 mod 4; (2.22)

E(\) +Ch(g), ifm=3 mod 4,

where X = Lv is a natural Lagrangian form and Cp is the generalized Cotton tensor
associated with a uniquely determined P € ImTﬂ(so(p,q)).

3 Symmetries and conservation laws

In this section we analyze the relationship between the diffeomorphisms symmetries
(1.4) and the differential constraints (1.5) expressing divergence-freeness in metric field
theories. As is well known, the commutation formula (2.10), together with Noether’s
theorems, implies that the Euler-Lagrange expression T = E(\) of a Lagrangian form
A with symmetries (1.3) possesses symmetries (1.4) and is, in addition, constrained by
the identities (1.5). The following result, which bypasses the Lagrangian and is stated
directly in terms of the system of differential equations, is a slight but non-vacuous
extension of the above conclusions furnished by the classical Noether’s theorems; see

14].

Proposition 7. Suppose that the source form T = T®(gl¥)dg.,Av is locally variational.
Then T is natural, Ly, x.T =0 for all X¢ € g, if and only if it is divergence-free,
D, T® +T¢ T" = 0.

Proof. By assumption the Helmholtz operator Ht of T vanishes, and so equation (2.21)
reduces to

Lox, T=E(Xeey o T) = -E"™(265,0,, T + €9,  T*")dgns, A v. (3.1)

11



Recall that the Euler-Lagrange operator annihilates total derivative expressions, E(D,F') =
0 for all differential functions F = F(2?, gl¥]) and a = 1,...,m. This permits us to inte-
grate the right-hand side of (3.1) by parts to conclude that

Ehk(Qf,cagbcTab + gcgab,CTab)dghk ANV
= ~E"™(£9(205e DT + 20000 T — €°Gap . T™) ) dgns, A v
= 2B (£°Gy (DT + T2, 1)) dgps, A v.
Hence
LoxT= OB (£°gpe (DT + T T )dgp A v, (3.2)

which immediately establishes the Proposition in one direction.
It then remains to prove that the condition L, x, T = 0 for all § € X'(R™) implies that

DaT“b+ngTCd = 0. For this, suppose that for some index b,, DaTab"+Fi’§TCd = F(z%, gll)
is of order [ and that for some h, k and J with |J| =1,

(0" F)(ahg0) 0. (ahg0)) € J'(G).
Now choose £¢ € X(R™) such that

o \gg
ox’

olgy

ork

(xi)go,bc = 5bboa (xf))go,bc = 07 K=#J.

Let (xf),gc[,ﬂ]) € J%(G) be any point projecting to g([,l]. Then

B (€50 (DT + T T) ()
= Z (_1)|]‘D1— (ahk’l(fggbc(DaTab " FZdTCd))) (1{)7 g([)?l]) _ (8h’“7JF)(xZ7 g([)l]) B 07

[I|<t

which is a contradiction. Thus D,T® + T? T = hb(2%) are functions of x only. But
due to translational invariance of the source form T, each h® must be constant. Finally,
by the definition of the total derivative operators (2.3) and the Chrisoffel symbols I'?,,
the expressions D, T + r dTCd vanish when evaluated on the jet of the constant metric
g =diag(1,...,1,-1,...,-1), showing that h® = 0. QED

Recall that a source form T = T“bdgab A v admits translational conservation laws if

E(gappT) = 0, for all 1 <p<m.

Proposition 8. Suppose that a source form T is natural and admits translational con-
servation laws. Then the covariant divergence of T vanishes, DyT® + F‘gchC =0.

12



Proof. We will prove this Proposition by showing that
Hr(X¢ev) =0 for all £ e X(R™). (3.3)
First, with X = X, = £20/0x® - 2£%,¢,.0°° € g, equation (2.14) becomes

pr XEH%b,cd,I n Z (80d71X§78f7J)H%\b76f7J _ 2§(eaHrl})e,cd,I n g;HaTb,cd,l _ O7 (34)
|J121]

where X¢ .r 7 = pr Xe(ger,s). The source form T is also invariant under 7, = 9/0xzP, so
the hypothesis and equation (2.21) imply

Z gchpHaTb’Cd’I =0, for all 1 <p <m. (3.5)
|7]>0

Now apply the vector field pr X, to the above equation to see that

> Xeea By + 3 gearp pr Xe(HF) = 0. (3.6)
|1]=0 IR

Combining (3.4) and (3.6) we obtain

bed,T bef,J b)e,cd, I b.ed,I
> XecapHY = ) gcd,lp( ST (0 X o ) HP e — 26RO 4 go e )

|71=0 |71=0 |J|>|1|
— CLb,Cd,I Cd,[ ab,ef,J —
= 2 XeearpHy " = 20 Y0 Gea1p(0°H Xe g, ) ) HY 7 =0,
|71=0 |I|>0 |J|>|I]

where we used (3.5) twice. On account of the definition of the total derivative operators
(2.3), the above equation can be written as

OXe el pravedr _

ab,cd,l ab,cd, I
> XeearpHy ™" = 37 DpXe ca (HY ™ + 37 D7 T

| 1120 |10 |1]>0

0. (3.7)

By the standard prolongation formula (2.6),

04
Xe cd,rp = DpXe car = Fgp Jed e

Thus equation (3.7) simplifies to

g1 boed, T O0Xe cd T yrabed.I
- 85L‘pg0dvqu%‘ Y SO H

T
P
HEY 11120 Oz
aXf,CdJ Hab,cd,] _ X Hab,cd,l =0
- T - Z 0€/0zP cd, T 11T =y,
1120 dp 7]20
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where we again used (3.5). The vector field £ € X'(R™) is arbitrary, which allows us to
conclude that
N Xeea HPT =0, for all € € X(R™).

|7]>0

But on account (3.5),

ab,cd, I _ ab,cd, I _ ab,cd, I _
Z Xe¢ e, Hp = Z (D1 Xe¢ evied + £%carq)Hy = Z D X¢ ev,edHrp =0,
[7]=0 [7]20 [7]20

that is, equation (3.3) holds.
Due to the g-invariance of the source form T and condition (3.3), the Lie derivative
formula (2.21) now yields

E(EGye (DT +T5,T)) =0, for all £ € X(R™).

Next we continue as in the second part of the proof of Proposition 7 to conclude that
the source form T is divergence-free. QED

4 Proof of Theorem 1

The proof of Theorem 1 relies on the following Lemma, which is a special case of a
more general result presented in [6, 22].

Lemma 9. Let T = T%dgg, Av, T = T(ab)(xi, gl¥1), be a k-th order source form, where
k> 1, and assume that the covariant divergence DyT® + Fgchc = 0 vanishes identically.
Then the component functions T® are polynomials in the k-th order derivative variables
Gediy-ip, Of degree at most m —1, where m is the number of the independent variables.

Proof. By assumption,

aTCLb cd,Irmab a med
o T > Gea, 0T + T4 T = 0. (4.1)
[1]20

Now terms in (4.1) involving the order k+1 variables g s, || = k+1, yield the equations
ged-tha - . (4.2)
Write 8,25 'y for the partial differential operator

dt = 3 X0 = 3 gebinin X, X, (4.3)

)
\T|=k

where X = (X1,...,X,,) € (R™)* is a covector on R™. Then equation (4.2) is equivalent
to

X0 T =0 for all X. (4.4)

14



Next let G@c1di-emdm denote the mappings
Ga7cld1”'cmdm(X17 o 7Xm’ Y) — aqdl ag:,;i;?Tabm

kX1
The operator T% is polynomial in Gab.1, |I| = k, of degree at most m — 1 if and only if
all the mappings G®¢191-¢mdm vanish identically. But by (4.4) and linearity in Y, the
equation
Gueardiremdm (X1 X Y) =0

holds whenever Y is a linear combination of the covectors X1, ..., X™. Consequently
Gacrdi-emdm yvanishes for almost all X1, ..., X™ Y e (R")*. By continuity, G&¢1d1-cmdm
must vanish identically. QED

We next employ the Lie derivative formula (2.21) to derive key identities among the
components of the Helmholtz operator associated with a third order natural, divergence
free source form. On account of these identities and the integrability conditions of
Proposition 3, the proof of the first part of Theorem 1 reduces to showing only that the
third order components of the Helmholtz operator vanish.

Proposition 10. Suppose that T = T*dgu, A v is a third order natural, divergence free
source form, that is,

Lyx,T=0, foralXceg, and DyT*+TgT"=0.

Then the components HaTb’Cd, HaTb’Cd’i, HaTb’Cd’ij , Hf}b’Cd’ijk of the Helmholtz operator Hry
associated with T satisfy the following identities.
b,ed b,cd,i b,cd,ij b,edyijh
gcd,eHaT ¢ +gcd,ieH% ot +gcd,ijeH%‘ o + gcd,ijkeHaT BT = 07 (45&)
2gceH%‘b7Cf + 2gce’iH%‘b7c‘f’i + gcd7eH%b’Cd7f + 2gce7in%bch’ij
HaTb,cd,if H%b,cf,ijk I 3gcd,ijeHaTb’Cd’ijf _ O, (45b)

+2.gcd,ie + 2gce,ijk

QQCeH%bjc(dﬂ') + 4gce,jHaTb’C(d7i)j + gcf,eHaTbﬁf’di

+6 e HI A E 4 3, HIPdiT _ (4.5¢)
2gceHaTb,c(d,ij) n 6gce’kHaTb,c(d,ij)k " ngﬁH%b,ck,ijd _ 07 (45(1)
HADA bR . (4.5¢)

Proof. By the Lie derivative formula (2.21),

Hy(Xe.ov) = (D1 Xe ov.ed) HY Y dgay A v = 0, (4.6)
for all X¢ € g, where

Xeev = X&ev,cdaCd = _(2€icgd)e + fegcd,e)aCd'

15



Let pcd! = y(ed)-(D) 7] > 0, be multivectors. We compute

I+ |J
D[(fﬁ;gde)ﬁbaj’[= Z (| | | |) ,i[gde,J:U’CdJJ

1]
o || +]J]| -1 (4.7)
“Za X (Tt Jaae
II50  |J]20 1] -
e 1411

+
Dl(gegcd,e)MCdJ = Z 5761 Z ( I )gcd,JeIMCdJJ' (48>

|7]>0 |J|>0 | |

The derivatives £ are independent, so in light of (4.7), (4.8), the coefficient of £
in (4.6) yields the equation

Z gcd,]eH?[‘b7Cd7J = 07 (49)
|J|=0
while for |I| > 0, we obtain
I -1 in yigeei I ab,c
Z [(| | ;|J|1 )29de,JH’(;‘b7d( b p)J + (| | ;|J|)gcd,JeHTb7 dJJ‘l = O (41())
|J]>0 | | N | |

Keeping in mind that H2*" = 0 for |I] > 4, equations (4.5) follow from (4.9) and (4.10)
by inspection. QED

We note that if pabde = ylab)(ed) ig a valence 4 tensor satisfying the cyclic identity
ped) = 0 then

aoc caa 3 albc ac cla abc
,ubd_ludb:§(,u (bed) y jblacd) _je(abd) _ ) d(abe)) = ) (4.11)

so that @ is symmetric under the interchange of the pairs of indices ab and cd.

Corollary 11. Suppose that T = T™dg, A v is a third order natural, divergence free
source form. Then T is locally variational provided that the third order components
H“Tb’Cd’”k of the Helmholtz operator Hr associated with T vanish.

Proof. We shall show that as a consequence of the assumptions, all the components of
the Helmholtz operator Hy vanish identically. The proof is based on identities (2.19)
and (4.5) of Propositions 3 and 10, respectively.

We first observe that by (2.19¢), the second order components HZ ¥ are skew-
symmetric under the interchange of the index pairs ab and cd. Due to the assumptions,
equation (4.5d) reduces to H%b’c(d’” ) = 0. Consequently, identity (4.11) applied to the
index pairs cd and 75 shows that the H“Tb’Cd’ij are also symmetric under the interchange
of these pairs. Thus the second order components H?Fb’Cd’ij must vanish identically.

By the above, equation (4.5¢) now implies that HaTb’c(d’i) = 0. Thus H2“*" is symmet-
ric and skew-symmetric in overlapping pairs of indices and hence must vanish. Finally,

equation (4.5b) presently shows that H%b’(:d =0 for all a, b, ¢, d. QED
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We will use a semi-colon to indicate differentiation with respect to the weighted
partial derivative operators (2.2), so that, for example,

ab,ij Qcd.klm  _ 1ab,ijg;ed,kim
§ebis gedkim fr _ prabigicdkim.

for a differential function F' on J*°(G).
We will use the following result in the course of the proof of Theorem 1.

Proposition 12. Let T = Tdg., A v be a third order divergence-free source form and
let H%b’Cd”m denote the second order components of the Helmholtz operator associated
with T. Then

(i) abiciez;iviz(islididz |j15253) Tmz;01027ab(13l;d1d2,\hj2]3); (4.12)
(”) T(ab|701627|11)1223 — §T1223,C1C27ab’t1; (413>
b i d i .
(iit) HaT sc1ezitizidide, j1j2dsia _ 3T1112,ab,0102(J1|7d1d27|J2J3J4)’ (4.14)

where indices enclosed within vertical bars are omitted in the symmetrization.

Proof. Since T is divergence free and of order 3, equation (4.1) yields

Tethecliii) - o, (4.15)
Consequently,
Ta(b‘;clcg|i1i2)i3 _ _%Taig;clcg,bilig’ (416)
which, on account of (4.15), implies that
Ta(lerealiviz)(islididz |j15253) — _lTa(isl;cwz7bi1i2;d1d2,|j1j2j3)
- _1801027bi1i2Ta(i3|;d1d2vlj1j2j3) =0.
Equation (4.11) now yields (4.12).
Next, due to (4.15), we have that
T(ab‘;6102,|i1)i2i3 - _Sym T(’i2|a;0162,bi1|’i3) — lTi2i3;ClcQ,abi1 (417)

{abir} 3 ’

where in the second step we used equation (4.16).
Finally, in light of the commutation formula (2.4),

ab,ci1c2,i192;d1d2,j1525374 _ d1d2,j1727374 c1co,i1i2mab ab,iiiorc1c2 ab,i1i213 0102)
HY, =0 (0 T - gabirizp2 4 3D, (O Te2)

_ cic;ab,iriz (J1f;didaljegsgja) — i1i2;ab,c1c2(j1];d1dz2|j253 74
= 3T 132 (j1f;d1d2| ) = 3T% (71l | )’
which completes the proof of the Proposition. QED
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Proof of Theorem 1. Expression (1.6) is a straightforward consequence of Theorem 6
for locally variational source forms. Thus it suffices, by Corollary 11, to show that the
third order components HY“*** of the Helmholtz operator Hy vanish.

In order to streamline our notation, we let p = (p1,p2) and q = (q1,¢2,q3) denote
multi-indices of integers 1 < p, <m, 1 < ¢; < m of respective lengths 2 and 3, and write
OP 4 = gp1P2:019293 in what follows. We also employ the notation

[P1d1;pP2d2;5PsAs — 81317(11 ap27QZ .. _apsqu F

for the repeated derivatives of F' with respect to the weighted partial derivative opera-
tors apuv':}u = apulpu%Qul%Qqu‘S‘

By Lemma 9, the m-fold derivatives TabPraiP2a2iPmdm — () and consequently, the
third order components H%b’Cd’” W = Gedijkaby GabiikTed of the Helmholtz operator satisfy

b,cd,ijk; ; i Pm-1Am—
HaT JkiP141;P2G2; Pm-1dm-1 _ ()

We will prove by induction that H%b’Cd’ijk;plm;p2q2;'";quT =0 foral0<r<m-—1.
In order to carry out the induction step we will assume that

b,cd,ijk; ; ;s Pr r
H% CA1IR;P1A1;P2925 5 Pr+1Ar+1 _ O, fOI' some 0 <r<m-— 2. (418)

Our first goal is to show that

ab,cd;lyla,n1M2m3N4;P141;P292;5 5 Prdr _
HY =0, (4.19a)

ab,cd,islil2,n1nangnga;p1d1;P242; s Prdr _
Y =0, (4.19b)
ngbycd,ij;lllz,n1nzn3n4;p1q1;pzqz;"-;prqr - 0. (4.19¢)

For this, we start by applying the operator ghlzmnznana to (2.19¢) to see that

H%b,cd,ij;lllg,nlngngml " Hffd,ab,ij;lllg,nlnzngnz; _ 3H%b,cd,ij(n1\;lllg,|n2n3n4).

Thus by the induction assumption (4.18),

H%b,cdvij;hlz,n1n2n3n4;p1q1;p2q2;~-~;p7-q7- I Hchﬂb,ij;hlz,n1n2n3n4;p1q1;pzq2;-~~;p7-qr =0,

: b,cdijih L : :
that is, the components H7 @722 gre skew-symmetric under the interchange

of the index pairs ab and cd. On the other hand, repeated differentiation of (4.5d)

yields the equation
Hab,c(d,ij);lllz,n1n2n3n4;p1q1;pzqg;m;prqr -0
T =0.

Thus by (4.11), the components H?Fb’Cd’ij hilzminansns g6 symmetric in the pairs ¢d and
ij. It now follows that (4.19¢) holds.
By differentiating (4.5¢) we see that

Hab,c(d,i);lllz,mnznsm;mm;P2Q2;---;prqr -0
T - Y
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where we used (4.19¢) and the identity H*H@Rhkmnanans _ - Consequently, (4.19b)
holds. Finally, the first equation (4.19a) now follows from (4.5b), again by differentia-
tion.

Next apply the differential operators 9hlz.:minensna gprar - - gprar to equation (4.5a).
Keeping in mind that the components H%b’Cd’ij " are of order 3 we conclude that

Hab,cd;llb ,M1N2N3N4;P1415 5 Prdr Habﬂd,i;llb ,MIN2N3N4;P1d1; 5 Prdr
T T

+ Ged,ie
Hab’Cd,ij;lllz7n1N2n3n4§P1Q1 ;5 Prdr
T

Ged,e

+gcd,ije
T
(qe1lyyab,pe1pi,lge2qes);lil2,ninansng;p1qi;--Pedi - Prdr (42())
+ ) e Hyp
t=1
n ab,lilz,|nansna); ;s Pr
+5§ 1|HT 1l2,[n2ngna)ipran Prar _ )

Y

where the hat indicates omission. On account of (4.19), the above equation reduces to

,
Z 5(%1\Habypz1pz2,|Qt2%3);l1lz,n1n2n3n4;P1Q1;“‘PtQt'“;Prqr
e T

t=1 (4.21)
" 5§n1IHaTb,l1l27|n27L3n4);p1q1;~~~;prqr -0

. bcd.ef:lil aTuA P 1 Qe .

Our next goal is to show that H efihilaminznsnapransPr1dr1 - Ag g regult, equation
(4.21) becomes

5§n1|HaTb,lllQ7|n2n3n4)§P1Q1;"';Prqr -0

, (4.22)

which will immediately imply the induction step.
To proceed, we first contract in the index pair e, ¢i; in (4.21), which yields the
equation

m+2 Hab,p11p12,Q12q13;l1l2,n1NQn3n4;PQQ2§"‘§Prqr
3 T
r
+ Z Hab,ptlpm,(Qtl%Q\;l1l2,n1n2n3n4;p1,|Qt3)Q12¢I13§P2Q2;"'PtQt"';Prq7~ (4_23)
T
t=2

+ H%b,hlm(nlmns\;m7|n4)Q12f113;p2qz;'~;prqr -0

On account of (4.14), we have

Hab,pupu,q12q13;l1lz,n1n2n3n4;p2q2;~~;prqr _ 3T‘112‘]13§ab7]?11p12(nl|§11127|n2n3n4)§p2q2§“‘§prch~
T = .

We next use (4.13) and (4.14) to compute

Hab,puptz7(qz1th2\;l112,mn2n3n4;p17|Qt3)Q12CI13;p2C12§"'tht"';prqr
T

=3 Sym T (at1ae2liab,prapeaniililz,nansnaipa,las )q12q13;P2az2; Pede-5Prdr

{n1-ng}
= 3T (ar1ae2lip1laes)qrzqus;ab,perpez (nafilala [n2nsna );p2az; - Pedeprdr

= T012413;P1,qt;0b,pe1pe2(na fililz,[nznsna);p2qa;-PedepPrar
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Similarly, by (2.20) and (4.12),
H:zrb,lllQ,(nmgnsl;pl7\n4)q12q13;p2q2;--~;prqr

= Tabililz,(ninznsip1yna)qizqisip2az;prar | lhilziab,(nin2nsfpiiina)qi2¢13;p242; - 5Prar

= maiza133hl2,(nin2ns|;p1sna)abipaqz;iprar | 121350, (nin2nslipi,|na)lilz;ip2qz;-prar

By the above, equation (4.23) becomes

(m + 2)’]:‘1112‘113%@1771)112712(nl|;l1lz,|n2n3n4);p2q2;‘..;prqr

-
n Z T12a13:ab,pe1pe2 (n1lsl1l2,ln2n3ng);p14t;p2qz;--Prat - Prdr

t=2 (4.24)

4 Tq12q13;l1l2,(n1n2n3|;p1,|n4)ab;p2q2;---;prqr

4 Tarzaisab,(ninanslipy na)lilzipadzsprar _ ()

We have thus reduced (4.23) into an equation for the derivatives of a single component
T92%3 of the source form T.

Now assume that equations (4.24) admitted a non-trivial solution in the derivatives
of T9243  Choose a term T92d3iabPiipi2(nfililnansna)ipedziPrdr with maximal absolute
value amongst the symmetrized derivatives. Keeping in mind that » < m — 2 by the
induction assumption, equation (4.24) implies that

|TQ12(J13;ab,p11p12(n1|;lll2,|n2n3n4);P2Q2§'“§prqr ‘

I
1 Z |TQ12Q13;ab,ptlpm(nl|;1112,|n2n3n4)§P1Qt;PQQQ;“'tht"';prqr |

<
m+2\ =

+ |TQ12q13;1112,(n1n2n3|;P17\n4)ab;p2Q2;~";prqr| + |TQ12Q13;ab,(n1n2n3|;p1,|n4)11l2;p2qm"’;prqr

- 1’quqi”;ab,p%pf(m|;l1lz,Inzngm);pzqz;m;prqr|

T m+2
Thus necessarily

H%b,cd,ef;llb,n1n2n3n4;p1q1;-~~;pr71qr71 = Tefiabed(nifililz nznsna)iprdrs-Pr-1dr-1 _ 0, (4'25)
for all a,b,c,d,e, f,l1,l2,n1,...,04, P1,41,---,Pr_1,qr—1- Hence (4.21) reduces to

n ab,lil2,/nansng); N
5§ 1|HT 1l2,/nengng);p1di;-;prar =0,

which immediately implies that HA>2m1m2naidsprar
step.

In conclusion, the third order components of the Helmholtz operator asso-
ciated with T vanish identically. By Corollary 11 the Helmholtz operator Ht must also
vanish identically, and hence T is locally variational. QED

= 0, completing the induction

ab,cd,jkl
HT
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5 Discussion

In this paper we prove that a system of third order natural, divergence-free differen-
tial equations for the components of the metric tensor can always be written as the
Euler-Lagrange expression of some Lagrangian function. Moreover, by the solution of
the equivariant inverse problem of the calculus of variations for metric field theories
presented in [5], the Lagrangian can be chosen to be natural when the dimension of the
underlying space is m =0,1,2 mod 4, and, in dimensions m =3 mod 4, the system can
be written as a sum of the Euler-Lagrange expression of a natural Lagrangian and a
generalized Cotton tensor.

Extending our result to fourth order operators either by showing that natural, diver-
gence free systems are necessarily locally variational or by finding non-variational ex-
amples of such systems remains a challenging open problem. In contrast, for vector field
theories [8] and, in more generality, for Yang-Mills theories [21], non-variational third
order source forms with the prescribed symmetries and conservation laws can be de-
rived by the way of natural constructions utilizing the intrinsic geometry of the problem.
Note that unlike in the situation of the present paper, proving that a 4th order source
form T fulfills the highest order non-vacuous Helmholtz conditions H%b’Cd’“iQi‘"’i“ =0 will
not be sufficient to guarantee that T is locally variational.

A significant generalization of the present work would be to enlarge the symmetry
group to include conformal transformations of the metric with the resultant condition
that the source form be trace free. The problem closely bears on conformal gravity,
and, as exemplified by the Bach equations [10], will require the analysis of fourth order
systems. A solution for the equivariant inverse problem of the calculus of variations in
this situation would also be of substantial independent interest. Additional on physi-
cal grounds intriguing problems would be Takens’ question for combined field theories
involving metric, such as Einstein-Yang-Mills equations in both the abelian and non-
abelian cases.

References

[1] S. J. Aldersley, G. W. Horndeski, Conformally invariant tensorial concomitants
of a pseudo-Riemannian metric, Utilitas Math. 17 (1980), 197-223.

[2] I. M. Anderson, The Variational Bicomplex, Utah State University Technical
Report, 1989; http://www.math.usu.edu/~fg_mp

[3] I. M. Anderson, On the structure of divergence-free tensors, J. Math. Phys. 19
(1978), 25702575.

[4] T. M. Anderson, Tensorial Euler-Lagrange expressions and conservation laws, Ae-
quationes Math. 17 (1978), 255-291.

21



[5]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

I. M. Anderson, Natural variational principles on Riemannian manifolds. Ann. of
Math. 120 (1984), 329-370.

[. M. Anderson, T. Duchamp, On the existence of global variational principles,
Amer. J. Math. 102 (1980), 781-868.

I. M. Anderson, J. Pohjanpelto, Variational principles for differential equations
with symmetries and conservation laws I: Second order scalar equations, Math.
Ann. 299 (1994), 191-222.

I. M. Anderson, J. Pohjanpelto, Variational principles for differential equations
with symmetries and conservation laws II: Polynomial differential equations,
Math. Ann. 301 (1995), 627-653.

I. M. Anderson, J. Pohjanpelto, Symmetries, conservation laws and variational
principles for vector field theories, Math. Proc. Camb. Philos. Soc. 120 (1996),
369-384.

R. Bach, Zur Weylschen Relativitatstheorie und der Weylschen Erweiterung des
Krimmungsbegriffs, Math. Z. 9 (1921), 110135.

E. Cartan, Sur les équations de la gravitation d’Einstein, J. Math. Pure Appl. 1
(1922), 141-204.

E. Cotton, Sur les variétés a trois dimensions, Ann. Fac. Sci. Toulouse Sér. 2 1
(1899), 385-438.

G. W. Horndeski, D. Lovelock, Scalar-tensor field theories, Tensor (N.S.) 24
(1972), 79-92.

G. W. Horndeski, Second-order scalar-tensor field equations in a four-dimensional
space, Internat. J. Theoret. Phys. 10 (1974), 363-384.

G. W. Horndeski, Divergence-free third order tensorial concomitants of a pseudo-
Riemannian metric, Tensor 29 (1975), 21-29.

D. Lovelock, Divergence-free tensorial concomitants, Aequationes Math. 4 (1970),
127-138.

D. Lovelock, The Einstein tensor and its generalizations, J. Math. Phys. 12
(1971), 498-501.

D. Lovelock, Vector-tensor field theories and the Einstein-Maxwell field equations,
Proc. Roy. Soc. London Ser. A 341 (1974), 285-297.

D. Lovelock, Diwvergence-free third order concomitants of the metric tensor in three
dimensions, Topics in differential geometry (in memory of Evan Tom Davies), pp.
87-98. Academic Press, New York, 1976.

22



[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]
[30]

D. Lovelock, Bivector field theories, divergence-free vectors and the Finstein-
Mazwell field equations, J. Math. Phys. 18 (1977), 1491-1498.

G. Manno, J. Pohjanpelto, R. Vitolo, Gauge invariance, charge conservation, and
variational principles, J. Geom. Phys. 58 (2008), 996-1006.

P. J. Olver, Conservation laws and null divergences, Math. Proc. Camb. Philos.
Soc. 94 (1983), 529-540.

P. J. Olver, Applications of Lie Groups to Differential Equations, GTM 107, 2nd
ed., Springer, New York, 1993.

J. Pohjanpelto, Takens’ problem for systems of first order differential equations,
Ark. Mat. 33 (1995), 343-356.

J. Pohjanpelto, I. M. Anderson, Infinite dimensional Lie algebra cohomology and
the cohomology of invariant Fuler-Lagrange complezes: a preliminary report, Pro-
ceedings of the 6th International Conference on Differential Geometry and Ap-
plications, Brno, 1995 (J. Janyska, I. Kolar, J. Slovak, eds.) Masaryk University,
Brno, Czech Republic 1996, pp. 427-448.

M. Spivak, A Comprehensive Introduction to Differential Geometry, Vol. 5, Pub-
lish or Perish Inc., Boston, 1975.

F. Takens, Symmetries, conservation laws and variational principles, Lecture
Notes in Mathematics No. 597, Springer, New York (1977), pp. 581-603.

H. Vermeil, Notiz iber das mittlere Kriimmungsmass einer n-fach Riemannschen
Mannigfaltigkeit, Akad. Wiss. Gottingen Nachr. (1917), 334-344.

H. Weyl, Space-Time-Matter, 4th ed., Dover, New York, 1922.

J. W. York, Jr., Gravitational degrees of freedom and the initial-value problem,
Phys. Rev. Lett. 26 (1971), 1656-1658.

23



