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Abstract

We present new results on the correspondence between symmetries, conser-
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1 Introduction and main results

The classical Noether’s theorem establishes essentially a one-to-one correspondence be-
tween the symmetries and conservation laws of a system of partial differential equations
admitting a variational principle. In 1977, F. Takens [28] considered and rigorously for-
mulated the following novel aspect of Noether’s theorem: Let g be a Lie algebra of
vector fields defined on the space of independent and dependent variables, and suppose
that a system of differential equations is invariant under g and that each element in g
generates a conservation law for the system. Does it then follow that the system arises
from a variational principle, i.e., that it is the Euler-Lagrange expression of some La-
grangian function? In his original paper Takens considered the question for second order
scalar equations, systems of linear equations, and metric field theories. Subsequently,
Takens’ results on second order scalar equations and on systems of linear equations
were substantially generalized by Anderson and Pohjanpelto [3], [4], [26]. We refer to
[3] in particular for more background material and motivation on Takens’ problem.

Apart from the papers listed above, the literature dealing with the existence of
variational principles for systems of differential equations admitting a Lie algebra of
symmetries and the corresponding conservation laws is mainly limited to classical field
theories, where the symmetry group is the infinite dimensional group of coordinate
transformations of the underlying manifold and the conservation laws express the van-
ishing of the covariant divergence (or some variant of it) of the field equations. The
classification results of Cartan [7], Vermeil [29], and Weyl [30] imply that second order
quasi-linear field equations for the metric tensor possessing the symmetries and con-
servation laws of the Einstein equations necessarily arise from a variational principle.
This result was later generalized to general second order equations for the metric ten-
sor and to third order equations in the 3-dimensional case by Lovelock, [19, 21], whose
results were subsequently extended to metric-scalar [13], metric-vector [20], and metric-
bivector [22] theories. More recently, pure vector field theories with the symmetry group
consisting of spatial translations and U(1) gauge transformations were treated in [5].

In this paper we investigate the relationship between symmetries, conservation laws,
and variational principles for gauge theories with a general structure group on the n-
dimensional Euclidean space R" . Gauge theories with a non-Abelian structure group
play a central role in quantum field theories by providing a unified framework for the
description of electromagnetism and the weak and strong forces [10], and in geometry as
the pivotal ingredient in the Donaldson and Seiberg-Witten theories [8, 23]. Recently,
higher order gauge theories, i.e., theories with field equations or order k > 3, have been
developed in classical [9], [17] as well as in quantum settings [11], [12, p. 217].

The primary goal of the present paper is to identify conditions under which a system
of gauge field equations admitting translational and gauge symmetries and the asso-
ciated conservation laws arises from a variational principle. In contrast to the results
of Cartan, Vermeil, Weyl, and Lovelock, field equations of gauge theories, even in low
orders, are not specified by these conditions, which rules out solving Takens’ question
in this situation by a brute force classification process. However, as is well known, the
vanishing of the classical Helmholtz conditions for a system of differential equations



guarantees the existence of a Lagrangian for the system, and our problem is rendered
tractable by an analysis of these conditions for systems with the prescribed symmetries
and conservation laws.

Write (z') for the coordinates on R™ and let {e,} be a basis of the Lie algebra g of
an r-dimensional Lie group G with structure constants ¢, . A gauge field

A= A%(2")d2" ® e,

is a g-valued 1-form on R", where the A% stand for the components of A. The gauge
field A is subject to a system of k-th order partial differential equations

_ i AB A8 8 B _ _ _
Tg—Tg(xl’Ab,Abdl,AbJIjQ,...,Abmj?n_jk)—O, a=1,....,n, a=1,...,r,
where Ag ivdai denotes the derivative of Af with respect to the independent variables

2 .. 29t The operator T is locally variational if it can be written as the Euler—
Lagrange expression

OL OL oL
T4 = EX(L) = == — Djymoe— + Djy, Dy i —
« a( ) aAg 1 aAih + 1 28142{71'”'2
of some locally defined Lagrangian L = L(z/, Af, Af,jl’Af,jljz’ . ,A’f’jm“,jl), where D;

denotes the standard coordinate total derivative operator.
In this paper we consider the following classes of symmetries and conservation laws
for a differential operator 7.

Symmetries

[S1] The operator T2 is invariant under the infinitesimal group of spatial translations
() ={t=a2 | (@) er (1)
n) = =a'— | (a .
ox’

[S2] The operator T is invariant under the infinite dimensional group of infinitesimal
gauge transformations

0
ga(n) = {@p = (©% + ¢, A7) 5aa | ¥ € CW(R”,Q)} : (2)

Conservation laws

[C1] There are functions t; = t;(xj, Af, AZjI,Af:jle, - ’Agjljz---jz) such that, for each
p=12....n,

Ag TS = Di(t).

[C2] The covariant divergence of the operator T)¢ vanishes identically,

VoTg = DT + ¢l ,ASTS = 0.



Our main result is the following.

Theorem 1. Suppose that the differential operator T® has symmetries [S1], [S2] and
conservation laws [C1]. Then TS is locally variational if

1. T¢ is of second order, or

2. T¢ is polynomial in the components of the gauge field and theiwr derivatives of
degree at most n.

This paper is organized as follows. After covering some preliminary material relevant
to the problem at hand in section 2, in section 3 we analyze the relationship between
symmetries [S1], [S2] and conservation laws [C1], [C2] for gauge field equations. In par-
ticular, we show that any differential operator T possessing symmetries [S1], [S2] and
conservation laws [C1] also necessarily admits conservation laws [C2]. This interesting
though elementary fact does not seem to have been previously noted in the literature.
In section 4 we present the proof of Theorem 1, and, finally, in section 5, for n > 3, we
employ a general construction to derive examples of third-order differential operators
with symmetries [S1], [S2] and conservation laws [C1], [C2] that fail to be locally varia-
tional, showing that Theorem 1 is sharp as far as the order of the differential operator
T¢ is concerned.

2 Preliminaries

In this section we collect together some basic definitions and results from the formal
calculus of variations on jet spaces most relevant to the problem at hand. For more
details and proofs we refer, e.g., to [1, 25].

Let G be an r-dimensional Lie group with Lie algebra g. We write A — R" for
the bundle of gauge fields with structure group G over the n-dimensional Euclidean
space R". Fix coordinates (z°) on R™ and a basis {e,} for g, and let A%, a =1,...,n,
a=1,...,r, denote the components of the gauge field. Then, as a coordinate bundle,

A= {(z",A%)} — {(2%)}. We denote the bundle of order k, 0 < k < oo, jets of local
sections of A by J*(A); in coordinates

k 7 «@ « « « «

J (A) - {(.1' ’Aa’AaJl’ Aa,jljz’ T ’Aa7j1j2"'jl’ T ’Aa,jle“'jk)}’ (3)
where AZ; . stands for the [th order derivative variables. We also use the notation
Al to collectively denote all variables AG ivjsegy P =10,.... 1, up to order [.

Let I = (i1,i9,...,1), 1 < i, < n, denote an unordered multi-index of length
|I| = k. Define partial derivative operators 0%/ by
a (i1 5i iK) : _
aa,IAﬁ _ 555b5j116j2 e 532 ) if |I| - |J|a (4)
© o, if |I] # |J],



where round brackets indicate symmetrization in the enclosed indices. Then the stan-
dard total derivative operators D; are given by

9
D=3 Y AvLont, =12, (5)
z ’
[1]>0

When there is no danger of confusion we will employ the standard Einstein summation
convention in the Euclidean space and Lie algebra indices.
The flow of a vector field

X = Pt A Qe A7) (6)
on A induces a transformation on the space of section of A, and, consequently, by
differentiation, it induces a local 1-parameter transformation group acting on J*(A),
k > 0. The associated infinitesimal generator is called the k¥-order prolongation of X
and is denoted by pr* X. The components of pr* X are given by the usual prolongation
formula

pr* X = P'D;+ Y Dp(Xe)o", (7)

[|<k

where the X.,& denote the components of the evolutionary form
Xev = (Qf — P'AS,)0:

of X and where D; = D;, --- D,, for a multi-index I = (iy,...,i). We will also write
pr® X = pr X. The vector field (6) is called projectable if the coefficients P* = P*(z27)
are functions of the independent variables x’ only. In particular, the infinitesimal
generators of translations (1) and gauge transformations (2) form the Lie algebra t(n) x
ga(n) of projectable vector fields acting on R”

Given a differential operator T = T%(z!, A, we associate to it the source form

T = T°dA* A, (8)

where v = dz* A dz? A -+ A da™ is the volume form on R™. A vector field X on A
generates a conservation law for the source form 7' if there are differential functions
t =t (27, A1), i =1,... n, so that

X 2T = Dyt (9)

eVa o

The source form 7T is said to arise from a variational principle if there is a Lagrangian
function L = L(x?, A such that T is the Euler-Lagrange expression of L, i.e.,

Ty =Ey(L) =) (-1)Dy(a3'L). (10)

11120

We will call A\ = L(z%, Al) v a Lagrangian n-form and E()\) = E%(L)dA% A v the
Euler-Lagrange form associated with A. As is well known, the Euler-Lagrange operator

5



commutes with the prolonged action of projectable transformations on A; infinitesi-
mally,
E(ﬁer)‘) = EerE()‘> (11)

for every projectable vector field X and Lagrangian form A\, where £ denotes the stan-
dard Lie derivative operator.
As in [5], we define the Helmholtz operator Hy acting on evolutionary vector fields
Y =Y?05 on A by
Hr(Y)=LyuyT —EY - T). (12)

The components H of ! of Hy are determined by

Hr(Y) = S (DY dA A, (13)

|1]>0
and are explicitly given by

HY = o' Te - (-)VERNTY, 1l >0, )

where E% denotes the higher Euler-Lagrange operators acting on a function F' defined
on some J*(A) by

ESN(F) =Y ()" Do ), 1] > 0.

]
[7]=0

Note that if T = T%(2?, AM)dA> A v is of order k, then HZ%I = 0 for |I| > k and that
for |[I] =0,...,k, the components HZ{)@I are of order at most 2k — |I|.

As is well known, a source form 7' = E(L) arising from a variational principle satisfies
the Helmholtz conditions Hy = 0, or in components, H‘;bﬁj = 0. Conversely, one can
show that if the Helmholtz conditions Hy = 0 are satisfied, then, at least locally, the
source form T can be written as the Euler-Lagrange expression of some Lagrangian
L; see [1]. We will thus call a source form satisfying the Helmholtz conditions locally
variational.

Proposition 2. Suppose that X = P'0/0x" + Q%0% is a projectable vector field on A
and that the source form T is invariant under the prolongation pr X of X. Then the
components HZ%I of the Helmholtz operator Hy of T satisfy the invariance conditions

opPI
erHabI+ ZHacJ ab[ 'y )_‘_Hibﬂ,laaQ»y_{__Habl_O’ (15>

|7|>0

where Q] ; stands for the A} ;-component of pr X.



Proof. We first compute

Lorx (Hr(Y)) = Loex (LopryT) = Lo xBE(Y = T)

Lo T — E(LyxY) = T) — He (X, V), (16)

where we used the invariance of T" and the fact that the Euler-Lagrange operator is
equivariant under the action of the prolongation of a projectable vector field X. Next
write Y = Y*02. Then on account of (13),

‘CPYX (HT(Y)) = Z ((ﬁerHZ%’I)DIYbﬁ + Hg%lﬁer(D[Y;)ﬂ)
17]>0 (17)
bl (1 B9 3P abd 1y B g e
+H. 5 (D;Yy)05Q7 + — HY g DiYy" |dAG Av.

But
Lox DYy = Lox(prY = 6))
= pr[X, Y] - 951 +prYy - (ﬁer‘gf,I)
= Di[X, Y]]+ > (D/Y)(057Qy ),

[7]=0

(18)

where, as usual, 05 ;= dAg = Afi ;dz’ denotes a basic contact form on J*°(A). Now
by virtue of (18), equation (17) becomes

Loex (Hp(Y)) = ((ﬁerHgbﬁ’f)DIY;F +H DX, Y]

|71>0
+ Y HSN(DY)o5' QL+ H (DY)oiQT (19)
7120
3P
H““DIYB) dAS A .
a J
Finally, a comparison of (16) with (19) yields equation (15), as required. QED

The following Lie derivative formula, as established in [1, 3], is central in the proof
of our main Theorem.

Proposition 3. Let T' be a source form and X a projectable vector field on A. Then
LoxT =E(X—T)+ Hrp(Xe). (20)

An extension of the Lie derivative formula (20) to non-projectable, generalized vector
fields can be found in [1]. Note that for locally variational source forms T', equation
(20) reduces to

‘CPrXT - E(‘Xvev - T)

7



Now
EerT = 07

if the source form is invariant under X, or more precisely, if X is a distinguished
symmetry of T', while
E(Xew 2 T) =0,

if X generates a conservation law for T’; see [1]. Thus equation (20) provides a version
of Noether’s theorem for projectable vector fields expressed directly in terms of the
system of differential equations without the explicit use of a Lagrangian.

On the other hand, in the situation of Takens’ problem, each X belonging to the
Lie algebra g of vector fields under consideration is assumed to be a distinguished
symmetry of the source form 7" and to generate a conservation law for 7', leading to
the conditions Hr(Xe,) = 0 for all X € g for the Helmholtz operator of 7. A basic
objective in the analysis of Takens’ problem is to identify on mathematical or physical
grounds interesting classes 7 of source forms (i.e. differential equations) and symmetry
algebras g of vector fields so that one will be able to classify all g-invariant Helmholtz
operators Hyp corresponding to T' € 7 satisfying the conditions Hy(Xe,) =0, X € g.

3 Symmetries and conservation laws

In this section we analyze the relationship between symmetries [S1], [S2] and conserva-
tion laws [C1], [C2] in gauge field theories. As is well known, the commutation formula
(11) and Noether’s first and second theorems imply that a source form 7" = E(\) that
is the Euler-Lagrange expression of a Lagrangian form A with symmetries [S1], [S2],
also possesses symmetries [S1], [S2] and, in addition, conservation laws [C1], [C2]. The
following result, which is a generalization of those appearing in [14, 15], is a slight but
non-vacuous extension of the above conclusions furnished by the classical Noether’s
theorems.

Proposition 4. Suppose that the source form T is locally variational. Then T admits
symmetries [S1] and [S2] if and only if it admits conservation laws [C1] and [C2].

Proof. By assumption the Helmholtz operator Hy of T vanishes, and so equation (20)

reduces to
LoxT =E(Xew o T). (21)

Recall that X generates a conservation law for 7" if and only if E(X., - 7)) = 0. Thus
the equivalence of [S1] and [C1] immediately follows from equation (21).
Next, with

X = Q(p = ((70:)& + Cg'yAgSD,y) aAa 6 gu(”)’

a

equation (20) becomes
Lo, T'=E (90?17:3 + CgvAggpyTg) :

8



We integrate by parts to write the right-hand side as
E (0TS + 5, AL TS) = B (—9*DaTy + ¢, A" Te) = —E(p*V,T3),

after which we have
L@, T = —E(@"V.17). (22)

Equation (22) immediately shows that if 7" has conservation laws [C2] then it also has
symmetries [S2]. It thus remains to prove that the condition

E(p*V,T3) =0 for all ¢ € C*(R", g),
implies that V,T7 = 0.
For this, suppose that for some a,, V,7}{ = F (2, A) is of order [ and that for
some b, 3 and J with |[J| =1,
(5 F)(ah, AD) £ 0, (a3, All) € J'(A).
Now choose ¢, € C*°(R", g) such that

ol oKl
() = 0g,, .
oz’ ° oxk

(1) =0, K#J.

o

Then

B (45 (VaT2) (2h, AP = S (=1)1D; (305" (VaT2) ) (2, AR)

1<t

= (05" F) (3, AJ)) #0,

which is a contradiction. Thus, inductively, we see that V,T% = h,(z") are functions
of z* only. But due to the translational invariance of the source form 7', each h, must
be constant. Finally, by the definition of the covariant divergence (3) and the total
derivative operators (5), the covariant divergence V, T, vanishes when each Aj; = 0,
showing that h, = 0. QED

The next result shows that in gauge field theories, somewhat surprisingly, symme-
tries [S1], [S2] and conservation laws [C1], [C2] are not mutually independent.

Proposition 5. Suppose that a source form T possesses symmetries [S1] and [S2] and
conservation laws [C1]. Then T also admits conservation laws [C2].

Proof. First, with X = Q, = (¢% + ¢§,Al0")9/9 AL € ga(n), equation (15) becomes

> (DsQuNE"HE + (05" DsQuNHLY) + (0:QuDHY =0, (23)
|7]>0



The source form 7" has symmetries [S1] and conservation laws [C1] and so by equation

(20),
ZA?IPHZ%I— p=1,...,n. (24)

[1]=0
Now apply the vector field pr @), to the above equation to see that

> (DrQuHyg' + Y Ay, (DsQuN(05 Hy') = 0. (25)

[1]>0 11,7120

Combining (23) and (25) we obtain

Z(Dposob Hab[ ZApr Z abIDJQcpc>HaCJ (aanoc)HCb[ — 0,

|1]>0 |7]>0 |7]>0

which, on account of the definition of the total derivative operators (5) and equation
(24), simplifies to

S (gp2i0id ) = 3 (g <o

[7]>0 |7]>0

But the function ¢ € C*(R", g) is arbitrary so we are able to conclude that

> (DrQu)HL =0 for all ¢ € C=(R", g),

171>0
that is,
Hr(Q,) =0 for all p € C*(R", g). (26)

Due to the gauge invariance of the source form 7" and equation (26), the Lie derivative
formula (20) yields

E (p%Te + ¢, AL TS) = 0.
Now we continue as in the second part of the proof of Proposition 4 to conclude that
V.T¢ =0, as required. QED

4 Proof of Theorem 1

The proof of Theorem 1 relies on the following Lemma, which is a special case of a
more general result presented in [2, 24].

Lemma 6. Let T = T%dA% Av, T = T2, A¥)), be a k-th order source form such that
the covariant divergence V, T2 = 0 vanishes identically. Then the component functions

Ty are polynomials in the kth order derivative variables Ay, .; of degree at most n—1.

10



Proof. By assumption,

oTe

e

b, I a a
+ > AYLOF T+ ¢ AT = 0. (27)

1120

Now terms in (27) involving the order k + 1 variables Af’ 5o |J| = k+ 1, yield the
equations

T =0,  |I|=k (28)

«

Write 8%7,“ y for the partial differential operator

Topx =D Xidj' = > X X5, (29)

|I|=k 1<i1,...,0.<n

where X = (X3,...,X,) € (R")* is a covector on R™. Then equation (28) is equivalent
to
Xo0h,xTe=0  forall X. (30)

Next let G’%ll . %*;a denote the mappings

br ., bn 1 o .
Ghe i (XXM Y) =00 e O e TEY

a

The operator Ty is polynomial in Af, ;, | I| = k, of degree at most n— 1 if and only if the

mappings G%11~ : g:a vanish identically. But by (30) and multilinearity, the equation

Gh .. '%jba(Xl, L LXMY)=0

1

holds whenever Y is a linear combination of the covectors X!, ..., X™. Consequently
G- vanishes for almost all X', ..., X", Y € (R")*. By continuity, G%---%
must vanish identically.

Proof of Theorem 1. Part 2 of the Theorem is a straightforward consequence of theorem
2.1 in [4]. As to part 1, the source form T also admits conservation law [C2] by
Proposition 5. Thus by letting X = Q, = (¢%, + cgvAﬁgp"Y)@g in (20) we see that

a

i5,kl ij.k il

Hofﬁ W,ﬁjkz + (HoZﬂ + CZﬁAzCHofyjk)SO,ﬁjk
+ (HZ{B + CZﬁ(AiHZi;] + 2Ai7lH?';]l))(p7Bj

+ CZB(A§ HE, + Ajc',kHlaj%k + A]C',leza]&kl)SOﬁ = 0.

In particular, we have that
HY, = ¢l (AYHIE + 245 HIE), (31)

so that it suffices to show that the first and second order Helmholtz conditions of T’
vanish in order to prove that the source form 7' is locally variational.

11



Next, with X = 0/02P, equation (20) becomes
AT HY + A7 HIE 4+ AT HIM =0

Jpap JkpTaf J,klp™ a3
which, together with (31), yields the equation
ijk ijkl _
(A7), + ChASAY YHIF 4 (AT +2¢) AL JAS YHEZH = 0. (32)

By Lemma 6, the components T2 of T" are polynomial in the second order variables

A2 .. of degree d < n — 1. Thus, by virtue of the expressions (14), the first order

a,ij )
components HZ%Z are linear in the third order derivative variables with coefficients that

are polynomial in AZ,. of degree at most d — 2, and the remaining terms in HZ%Z are
polynomial in AY .. of degree at most d. Moreover, the second order components szﬁ”

a,ij
are of degree at most d —1 in the variables Ag,.. So, in particular, when n = 2, the first

and second order components HZ%Z, HZ%” are functions of AP, AN only, respectively.

Next assume that n > 3. Apply the operator 07 ;  as in (29) to equation (32) to
see that
(AY

Jikp

+ G ASAL )08, HIF + X, X0 XIS = 0. (33)
Denote the degrees of 3 5 XH%’“ , Hi%kl in the variables AY .. by dy, ds, respectively. It

a,ij
now follows from (33) that d; < dy — 1. In fact, if d; > ds, then an application of the
differential operator

ot L ghan
/61727Y1 ﬁd1+1,2,yd1+1

to (33) yields the equation

di+1

> YB =0, p=1...,n (34)

s=1
where -

_ b bs bay +1 ibs,k
B* =Y 05 5105 ays aﬂdi+172,yd1+l naxHag (35)

Since dy < n—3, it follows from (34) that the expressions B® vanish when the covectors
Y!... Y4+ are linearly independent, and thus by continuity, they vanish identically,
which yields a contradiction.

Hence we can assume that d; < dy — 1, and so, in particular, dy > 1. Now apply

: : b . .
the dy-fold differential operator 8211’2’)/1 e 85272»5/‘12 to (33) to derive the expression
da
Y YViB*+X,N=0, p=1....n, (36)
s=1
where
b o, ba ibs
B = Yk&aﬂi,ZYl -0 AVACEE 8ﬂd2,2,yd2 373,XH255 ;
o b ba ia,kl
N — Xleaﬂll,2,Y1 R 8ﬁdz,2,yd2 Hgln .

12



As above, equation (36) implies that B* = 0, N = 0, which again is a contradiction, and
we deduce that the second order components H. ﬂ” and the derivative terms ) 5 XH;JWk
are functions of AlYl only. But then, once more with the help of (33), we are able to
conclude that in all the cases n > 2, the second order Helmholtz conditions H“b =0

are satisfied and that the first order components HZ%Z must be functions of AP only.
With this, equation (32) reduces to
(4]

J:kp

+ cASAY YHIZF =0,

where, by the above, the components H’off = Hif’f(Am) are polynomial of degree d < n—
1 in the second order variables Ag,.. Now one can easily repeat the above arguments to

show that the first order Helmholtz conditions H‘;bﬁz = 0 are also satisfied. Consequently,
the source form T is locally variational. QED

5 Examples

We let kop = czlgc%7 denote the components of the Killing form & of the Lie algebra g
in a given basis {e,} and we will use ks to lower Lie algebra indices in what follows.
The components of the curvature, or field strength, of the gauge field A% are given by

z?b = ?,a - g,b + ngAgAg- (37>

In coordinate expressions a semicolon will indicate a covariant derivative so that, for
example, fo. = Difg + cgyAf 7. Furthermore, we raise and lower the underlying
spatial indices using the Minkowski metric n = diag(—1,1,...,1).

In analogy with the construction presented in [5], section 4, given a differential

operator
S: J¥A) - A*(TR") ® g* (38)

with components S% = S [“b](A ), we associate to it a source form 7" of order k + 1 on
A with the components

= V52 = D,SP + ¢ ;A5 (39)

Lemma 7. Suppose that the differential operator S has symmetries [S1] and that its
components S satisfy the conditions

fS;b—O a=1,...,r, (40)

fabpS“b p=1,...,n, (41)

Loro,58 = Sg ¢, Q€ ga(n), (42)

where the st are some differential functions. Then the source form T with components

P
T2 as in (39) admits symmetries [S1], [S2] and conservation laws [C1], [C2].

13



Proof. The source form T clearly admits translational symmetries [S1]. We compute

VT8 = V,VyS? = Vi, VyS® = Ll pr 5,

1
2

from which we see that 7" admits conservation laws [C2] exactly when equation (40)
holds true.
Next note that
apSe = (Dypfa, + ¢4, Ay f2) 83",

so, on account of (40), equation (41) holds if and only if
(Dyf3)S% = D;st, p=1,...,n
We compute

(Dp fo) S = 2(—Dy Dy AY + ¢, A AT SS
= Dy(—2A45,5) + 2A% (DyS& + ¢ A} SE)

a,p™~ o
= Dy(—2A4% ,S2) + 2A8 T2,

where we first used (37) and the skew-symmetry of S in the index pair a,b to derive
the expression on the right-hand side of the first line of the equation, and then we

integrated by parts to obtain the expression on the second line. Thus if equations (40),
(41) hold, then

o a «a a 1 7
Aa,pTa = Db(Aa,pSab) + §Di8pa (43)
and hence T admits conservation laws [C1] with ¢ = A% S% + st

Finally, we recall the general fact that given a g-valued differential function G
transforming homogeneously under gauge transformations then its covariant derivatives
V,G* = D;,G“+ cgwA/f G7 also transform homogeneously. Thus, on account of (42), the
source form 7' admits symmetries [S2]. QED

Example 8. In this example we derive translationally invariant non-trivial second
order solutions to equations (40), (41), (42), when n > 3. These, via (38), will furnish
examples of third order source forms that admit symmetries [S1], [S2] and conservation
laws [C1], [C2] but are not locally variational, showing that Theorem 1 is sharp as
regards the order of the source form.

First, due to the skew-symmetry of the constants c,p, = KavCj, In @, 3,7, one
immediately sees that for any functions ¢® = ¢(® (A defined on some J*(A), k > 0,
the products

Sab = b fab (no summation in a, b) (44)

satisfy equations (40).
Next, for definiteness, assume that the functions s/, in (41) are constant coefficient
linear expressions in the independent variables z* so that equation (41) reduces to
gb;psg” =\, p=1...,n, (45)
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where )\, are some constants. Write m = n(n+1)/2 for the dimension of the symmetric
product S?(T*R"). Substitution of expressions (44) into (45) yields an n X m system
of linear equations

hop.ab qab =\, p=1,...,n, (46)

for the differential functions ¢®® with gauge invariant coefficients

r

Pp,ab = E fe s (no summation in a, b),

a=1

that are symmetric in the index pair a,b. Thus, in particular, the invariance condition
(42) is automatically satisfied for S in (44) when the ¢® are constructed as functions
in the coefficients hy, 4 only.

Next let £21b1@mbm denote a non-zero rank 2m constant tensor on R™ with the
symmetries

garbrbiaiambm _ 5a1b1--~aibi~-~ambm7 and
galbl--~ajb]-~~~aibi~--ambm — _galbl-~~aibi~~-ajbj--'ambm <47>
One can regard £2101@mbm a5 the permutation symbol on S?(T*R™).
In the case n = m = 3, a solution to (46) is furnished by
g =VIVPeN, (48)
where
V = 1 P1p2p3 gaibiazbrasbs p, h h d
=z€ p1,a1b1/%p2,a2b2!"p3,a3bs) an
1
pab _ pp1p2 cabaibiazba
4 =5€ € hP1,alb1 hp2,a2527

and where €P'P2P3 denotes the usual 3-dimensional permutation symbol.
If n >4, weset A\, =0, p=1,...,n, in which case solutions to (46) can be
constructed from the n x n minors of the matrix (h, q) using the standard formula

ab __ gabalbl"'anbnan+1bn+1"'amflbmfl

q Tan+1bn+1"'amflbmflhlaalbl e hnyanbn’ (49>

where we let the coefficient functions 7o, 5, 1 am_1bm-1 = Tani1bnii-am_1bm1(Ppap) de-
pend on the gauge invariant quantities h,q, and have the same symmetries in their
indices as £1b1-ambm,

By the above, with ¢% as in (48), (49), the components S in (44) satisfy condi-
tions (40), (41), (42) of Lemma 7, so it only remains to show that the source form 7'
constructed from S fails to be locally variational. To this end we analyze the third

order components
Hi:@’m? _ Oé’QQZT; + 8&’2227151
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of the Helmholtz operator Hy of T'. Keeping in mind that the order of S% in the
coordinates (3) is two, we compute

1,222 1,222 1,22 1,22
aﬁ T; = aﬁ Vcsclyc = 8g Sg = (ag C]m)fm,

a

which, with the help of (48), (49), yields

11,222 1,—21,2,127,p,12y f12 (12 _
H g™ =4V IVE VRN, £ 57 when n = 3, (50)
and
11,222 o5 el12a1b1-anbnan+1bnt1am—1bm—1
Haﬂ = -2& non

0
. (WTan+lbn+l“‘am—lbm—1) h17a1b1 T hnyanbnf;2f127 When n Z 4 (51)
2,12

If the Killing form s of g is non-trivial, so in particular when g is semi-simple, we see
from (50), (51) that in general, the Helmholtz operator Hy of T' is non-vanishing and
that, consequently, part 1 of Theorem 1 does not extend to third order source forms
when n > 3. Additionally, equation (51) with 7, , 4,1 --am_1bm_, chosen to be a suitable
polynomial in h,, 4,5 shows that when n > 4, part 2 of Theorem 1 fails for polynomial
source forms of degree d > n + 2 in the variables AY ;.

Remark 9. If the Killing form x of g vanishes identically, then, in particular, g must be
solvable, and, when n > 3, examples presented in [4] can be straightforwardly adapted
to provide instances of third order non-variational source forms with symmetries [S1],
[S2] and conservation laws [C1], [C2]. We will omit the details in the interest of brevity.

6 Conclusions

In this paper we prove that a system of second order gauge field equations admitting
translational and gauge symmetries and the associated conservation laws can be written
as the Euler-Lagrange expression of some Lagrangian function. We also show that our
result is sharp when the underlying space is at least 3 dimensional by constructing
explicit examples of non-variational third-order systems with the required symmetries
and conservation laws. However, the optimal form of Theorem 1 for gauge fields in 2
dimensions, which include Yang-Mills fields on Riemann surfaces [6] and the physically
important theory of vortices [16], remains an open problem.

A worthwhile generalization of the present work would be to extend the symmetry
group to include Lorentz transformations or conformal transformations of the underly-
ing Minkowski space. However, results in [4] intimate that with the extended symmetry
group, analysis of the associated Helmholtz conditions, with the source form 7' now be-
ing of third order, will become exceedingly intricate. Additionally, it would be a signif-
icant problem to determine whether the Lagrangian for a source form, whose existence
is guaranteed by Theorem 1, can be chosen to be invariant under the given symmetry
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group. This question is tantamount to solving the invariant inverse problem of calculus
of variations for Yang-Mills fields with the infinite dimensional pseudo-group generated
by translations and gauge transformations. Preliminary results in this direction can be
found in [27], see also [18].
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