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RUIN THEORY UNDER UNCERTAIN INVESTMENTS

1. INTRODUCTION

This is a paper about money. The solvency of an insurance company is analyzed.

Namely, the asymptotic behavior of the ruin probability is studied under different claim

size distribution scenarios, when the capital of the company is invested into a risky asset

whose price follows a geometric Brownian motion.

The idea of this research is the following: if an insurance company, with an initial

capital u, simply cashes premiums and pays claims, then the probability of attaining

ruin decays to zero exponentially fast, as u → ∞, provided certain conditions on the

distribution of the claim sizes are met[7]. However, if the company invests in a risky

asset whose price follows a geometric Brownian motion, then the probability of ruin either

decays algebraically fast as u → ∞ or the ruin is certain for all u > 0 [9]. This result was

shown by Frolova et. al [9] in the very special case of exponentially distributed claim sizes.

A generalization of the latter result for the case of claim size distributions with moment

generating functions defined on a neighborhood of the origin is presented in this paper.

The method of deriving the asymptotic behavior of the ruin probability, Ψ(u), in-

troduced here consists in applying asymptotic methods for differential equations to the

infinitesimal generator equation, AΨ(u) = 0 [12].

Section 2 contains concepts and preliminary results useful in the course of developing

our method. The infinitesimal generator is defined and then derived for diffusions and

jump processes. As examples, the infinitesimal generators are calculated for both the

classical Cramer Lundberg model, Xt = u + ct −
∑N(t)

k=1 ξk,, and for a model combining

this jump process and a geometric Brownian motion. Also in this section, basic notions
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of regular variation in Karamata’s sense are introduced and the Karamata Tauberian

Theorem and the Monotone Density Theorem are stated. These results are crucial for the

derivation of the asymptotic behavior.

Section 3 presents an application of the method to classical Cramer Lundberg model.

The well-known result of the exponentially distributed claim sizes case is re-derived. The

behavior of the probability of ruin is determined as the initial capital u tends to infinity.

The probability of ruin presents an exponential decay, Ψ(u) = Ψ(0) exp(− c−λµ
µc u), with

the exponent depending on the average claim size, µ, average time of occurrence, λ, and

premium rate, c [7].

Section 4 contains a generalization of Frolova et al.’s result [9] regarding the behavior

of the probability of ruin when the insurance company invests in an asset with the price

modelled by a geometric Brownian motion. In this Cramer-Lundberg with investments

type model, the risk process is given by Xt = u+a
∫ t
0 Xs ds+σ

∫ t
0 Xs dWs + ct−

∑N(t)
k=0 ξk.

In Frolova et al. [9], only the exponential claim size distribution is consider. In this case,

the decay is at best algebraic and depends only on the drift and volatility of the price of

the investment. In this section is presented an extension of this decay structure under very

general conditions on the claim size distribution. Specifically, if the claim size distribution

has a moment generating function defined in a neighborhood of the origin, then applying

Karamata’s Tauberian theorem, the same result is obtained.
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2. PRELIMINARIES

In this section the notions of infinitesimal generator and regular variation are in-

troduced. The infinitesimal generator is derived in some particular cases.

2.1. Concepts

Definition 2.1..1 (section). A probability space is a triple (Ω,F , P ), where Ω is a

nonempty set of all possible “outcomes” of an experiment, F is a set of “events”, and

P: F → [0, 1] is a function that assigns probabilities to events. F is a σ-field, meaning a

(nonempty) collection of subsets of Ω that satisfies

(i) if A ∈ F then Ac ∈ F , and

(ii) if Ai ∈ F is a countable sequence of sets then
⋃

i Ai ∈ F .

Since
⋂

i Ai = (
⋃

i A
c
i )

c, it follows that a σ-field is closed under countable intersections.

Definition 2.1..2. (Ω,F) is called a measurable space, a space on which one can define

a measure. A measure is a nonnegative, countably additive set function µ : F → R with

the following properties:

(i) µ(A) ≥ µ(ø) = 0 for all A ∈ F , and

(ii) if Ai ∈ F is a countable sequence of disjoint sets then µ(
⋃

i Ai) = Σiµ(Ai).

Definition 2.1..3. If µ(Ω) = 1, then µ is called a probability measure.

Definition 2.1..4. Given a set Ω and a collection A of subsets of Ω then there is a

smallest σ-field containing A, called the σ-field generated by A and denoted by σ(A).

Let Rn = {(x1, . . . , xn) : xi ∈ R}. Rn = the Borel subsets of Rn is defined to be the

σ-field generated by the open subsets of Rn.
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Definition 2.1..5. A real valued function X defined on Ω is said to be a random vari-

able provided that events of the form {X ∈ I} := {ω ∈ Ω : X(ω) ∈ I} are in F (i.e.

measurable), for all intervals I.

X is a measurable function on Ω with respect to F .

Definition 2.1..6. Given an index set I, a stochastic process indexed by I is a collection

of random variables {Xλ : λ ∈ I} on a probability space (Ω,F , P ) taking values in a set

S. The set S is called the state space of the process.

Definition 2.1..7. A stochastic process X0, X1, . . . , Xn, . . . has the Markov property if,

for each n and m, the conditional distribution of Xn+1, . . . , Xn+m given X0, X1, . . . , Xn

is the same as its conditional distribution given Xn alone. A process having the Markov

property is called a Markov process [1].

If, in addition, the state space of the process is countable, then the Markov process is

called a Markov chain [1].

Definition 2.1..8. p(t; x, dy) is a transition probability on (S,S), for t > 0, x ∈ S if:

(i) ∀t > 0, x ∈ S, p(t; x, dy) is a probability measure on (S,S);

(ii) ∀t > 0, B ∈ S the function x 7→ p(t; x, B) is Borel measurable;

(iii)(Chapman-Kolmogorov Equation) ∀t > 0, s > 0, x ∈ S, B ∈ S,

p(t + s; x, B) =

∫

p(s; y, B)p(t; x, dy). (2.1)

Definition 2.1..9. Define the transition operator Tt by

Ttf(x) =

∫

f(y)p(t; x, dy) = E[f(Xt) | X0 = x] (2.2)

for all f for which the integral is finite, e.g., for the space B(S) of all bounded measurable

functions, or on the space Cb(S) of all bounded continuous functions on S.
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Chapman-Kolmogorov equation (2.1) becomes the semigroup property:

Tt+sf(x) =

∫

(Tsf)(y)p(t; x, dy)

=

∫

f(z)p(t; y, dz)p(t; x, dy)

= TtTsf(x).

Definition 2.1..10. The infinitesimal generator of {Tt, t > 0}, or of the Markov process

Xt, is the linear operator A defined by:

Ag(x) = lim
h→0

Thg(x) − g(x)

h

for all real-valued, bounded, Borel measurable functions g defined on S, g ∈ B(S) such that

the right side converges to some function uniformly in x. The class of all such functions

g comprises the domain DA of A.

2.2. Cramer-Lundberg model

Consider an insurance company ABC, that disposes of an initial capital u, receives

premiums continuously at a given fixed rate c and pays claims ξk of random sizes occurring

at random times. The company stays solvent as long as the initial capital together with

the incoming premiums exceeds the claims to be paid.

Definition 2.2..1. Cramer-Lundberg model is a risk process X defined as [7]:

X(t) = u + ct − S(t), t ≥ 0

where

S(t) = ξ1 + ξ2 + . . . + ξN(t),

N(t) represents the number of claims in the interval [0, t],

N(t) = sup
n≥1

{tn ≤ t}, t ≥ 0
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and (ξk)k∈N are the claim sizes, positive, independent, identically distributed random vari-

ables with finite mean, µ, and finite variance. Claims occur at random instants of time

0 < t1 < t2 < . . . a.s. and the inter-arrival times

Y1 = t1, Yk = tk − tk−1, k = 2, 3, . . .

are independent, exponentially distributed random variables with finite mean λ. The se-

quences (ξk) and (Yk) are independent of each other.

Given that the inter-arrival times are exponentially distributed, N(t) is a homoge-

neous Poisson process with intensity λt > 0, i.e.

P(N(t) = k) = e−λt (λt)k

k!
, k = 0, 1, 2, . . .

2.3. Infinitesimal generator for the classical Lundberg model

Considering the classical Cramer-Lundberg model:

X(t) = u + ct −

N(t)
∑

k=1

ξk,

where N(t) is a Poisson process with parameter λt, then X(t) is a Markov process since

it has stationary and independent increments. The state space S is R. Consider that

the transition probability distribution P(h; u, dy) has a density p(h; u, y). Then for Borel

subsets B of S, one define the transition probability P(h; u, B) of X(t) as

P(h, u, B) =

∫

B
p(h; u, y)dy

=
∞

∑

k=0

(λh)k

k!
e−λh1(u + ch −

k
∑

j=1

ξj ∈ B).

Proposition 1. In the case of a Markov process X(t), with

X(t) = u + ct −

N(t)
∑

k=1

ξk,



7

the infinitesimal generator of the process is given by

Ag(u) = cg′(u) + λ

∫ ∞

0
(g(u − y) − g(u))dF (y)

where g bounded, real-valued, differentiable function and F is the distribution of the claim

sizes ξ.

Proof. Consider the semigroup associated to X(t) given by

Thg(u) =
∞

∑

k=0

g(u + ch − S(h))P(h, u, B)

=
∞

∑

k=0

(λh)k

k!
e−λhE(g(u + ch − S(h))|N(h) = k)

for x ∈ R and g ∈ Mb(R). Expanding the sum after k

Thg(u) = e−λhg(u + ch) + λhe−λhE(g(u + ch − ξ1)|N(h) = 1) + o(h), (2.3)

where limh→∞
o(h)

h = 0, then

Thg(u) − g(u)

h
=

e−λhg(u + ch) − g(u)

h
+ λe−λhE(g(u + ch− ξ1)|N(h) = 1) +

o(h)

h
(2.4)

has the limit

lim
h→0

Thg(u) − g(u)

h
= cg′(u) − λg(u) + λ

∫ ∞

0
g(u − y)dF (y), (2.5)

that can also be written as

lim
h→0

Thg(u) − g(u)

h
= cg′(u) + λ

∫ ∞

0
(g(u − y) − g(u))dF (y), (2.6)

where F represent the distribution of the claim sizes ξ,
∫ ∞
0 dF (y) = 1.

2.4. Diffusion process

Diffusion processes are an appropriate description of the stochastic properties of

stock prices or interest rates. The time evolution of a diffusion process can be modelled

by a stochastic differential equation of the form

dX(t) = a(t, X(t))dt + σ(t, X(t))dWt, (2.7)
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where Wt represents the usual Brownian Motion [13].

Definition 2.4..1. A Markov process X(t), t ≥ 0 on the state space S = {(a, b),−∞ ≤

a < b ≤ ∞} is said to be a diffusion with drift a(t, x) and diffusion coefficient σ2(t, x) > 0,

if it has continuous sample paths, and the following relationships hold for all ε > 0:

E((Xs+t − Xs)1[|Xt+s−Xs|≤ε]|Xs = x) = ta(t, x) + o(t)

E((Xs+t − Xs)
21[|Xt+s−Xs|≤ε]|Xs = x) = tσ2(t, x) + o(t)

P ((|Xs+t − Xs| > ε)|Xs = x) = o(t)

as t → 0+, where a(t, x) and σ2(t, x) > 0 are continuous differentiable with bounded

derivatives on S. Also, σ′′ exists and is continuous, and σ2 > 0 for all x [1].

The stochastic differential equation

dX(t) = a(t, X(t))dt + σ(t, X(t))dWt, (2.8)

is equivalent to the equation

X(t) = X(0) +

∫ t

0
a(s, X(s))ds +

∫ t

0
σ2(s, X(s))dWs, t ≥ 0. (2.9)

If the solution is unique, then the process X(t) is called a diffusion process with in-

finitesimal drift function a(t, x) and infinitesimal variance σ2(t, x) at (t, x), provided that

σ2(t, x) > 0 for all t ≥ 0 and x ∈ S, where S ⊂ R is the state space of X(t) [13].

Lemma 1 (Ito’s lemma). Let Xt be a process given by

dX(t) = a(t, X(t))dt + σ(t, X(t))dWt. (2.10)

Let g(t, x) ∈ C2([0,∞)×R), i.e. g is twice continuously differentiable in [0,∞)×R. Then

Yt = g(t, Xt) is also a diffusion process and [11]

dYt = (a(Xt)f
′(Xt) +

σ2(Xt)

2
f ′′(Xt))dt + σ(Xt)f

′(Xt)dWt. (2.11)
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Definition 2.4..2. A Brownian motion with drift a and diffusion coefficient σ2 is a

stochastic process Xt : t ≥ 0 having continuous sample paths and independent Gaussian

increments. The increments Xt+s − Xt have mean sa and variance sσ2.

Definition 2.4..3. A Brownian motion with drift zero and diffusion coefficient of 1 is

called standard Brownian motion.

Definition 2.4..4. Let Xt = X0 + tµ + σWt, t ≥ 0 where Wt is a standard Brownian

motion starting at zero and independent of X0. Then the process

Zt = Z0e
ta+σWt

with Z0 = eX0 is the geometric Brownian motion.

2.5. Infinitesimal generator for a diffusion process

Proposition 2. Let {Xt} be a diffusion process on S = (a, b):

dX(t) = a(t, X(t))dt + σ(t, X(t))dWt, (2.12)

Then, for all twice continuously differentiable g, vanishing outside a closed bounded subin-

terval of S, and belonging to DA, the infinitesimal generator is given by

Ag(x) = a(t, x)g′(x) +
1

2
σ2(t, x)g′′(x). (2.13)

Remark 1. The drift of Yt = g(Xt) is a(Xt)g
′(Xt) + σ2(Xt)

2 g′′(Xt), so Ag(Xt) can be

interpreted as the drift term of the function g of the diffusion process (Xt). In the special

case of a(t, X(t)) = aX(t) and σ(t, X(t)) = σX(t) the infinitesimal generator is given by

Ag(x) = axg′(x) +
σ2

2
x2g′′(x), (2.14)

Proof. In order to prove this result, let x ∈ S fix and δ > 0. One can find an ε s.t.

| g′′(x) − g′′(y) |< δ for all y with | x − y |< ε. Writing

Ttg(x) = E(g(Xt)1|Xt−x|<ε|X0 = x)) + E(g(Xt)1|Xt−x|≥ε|X0 = x)) (2.15)
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Taking a Taylor expansion on g(Xt) around x and get

E(g(Xt)1|Xt−x|<ε|X0 = x)) =

= E(g(x)+(Xt−x)g′(x)+
(Xt − x)2

2
g′′(x)+

(Xt − x)2

2
(g′′(δt)−g′′(x))1|Xt−x|<ε|X0 = x)) =

= g(x) + ta(t, x)g′(x) +
σ2(t, x)

2
g′′(x) + o(t)

where δt is some number between Xt and x. The remainder term is less then δσ2(x)t
2 +o(t).

Getting

lim sup
t→0

|
Ttg(x) − g(x)

t
− (a(t, x)g′(x) +

σ2(t, x)

2
g′′(x)) |<

δσ2(t, x)

2
+ lim sup

t→0
(
M

t
+ E(1|Xt−x|≥ε|Xo = x))

and since E(1|Xt−x|≥ε|Xo = x)) = P(|Xt − x| ≥ ε|X0 = x)) = o(t) then

lim sup
t→0

M
P(|Xt − x| ≥ ε|X0 = x))

t
= lim sup

t→0

o(t)

t
= 0.

Given that δ is arbitrary, it follows that the limit is zero, implying

lim
t→0

Ttg(x) − g(x)

t
= a(t, x)g′(x) +

1

2
σ2(t, x)g′′(x).

2.6. Infinitesimal generator for our model

Considering the process Xt, given by the equation,

Xt = u + a

∫ t

0
Xs ds + σ

∫ t

0
Xs dWs + ct −

N(t)
∑

k=0

ξk, (2.16)

i.e. a sum of a diffusion and a process with jumps. One can find its infinitesimal generator

as the sum of the corresponding infinitesimal generators of these two processes. Here

ξk represents the size of the k-th claim, with a probability distribution F on (0,∞), c

represents the fixed rate of premium, u is the initial capital, a is the drift and σ2 is
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the volatility of a geometric Brownian motion. Using Ito’s formula [11], one find the

infinitesimal generator for X given by the sum of (2.14) and (2.6), as in [12]:

Ag(u) = aug′(u) +
σ2

2
u2g′′(u) + cg′(u) + λ

∫ ∞

0
(g(u − y) − g(u)) dF (y). (2.17)

A useful result for the analysis of the ruin probability behavior is Paulsen’s theorem 2.1

from the paper [12]:

Theorem 1 (Paulsen). If Ψ(u) is a bounded and twice continuous differentiable function

defined for u ≥ 0 that solves AΨ(u) = 0 on u > 0 together with the boundary conditions:

Ψ(u) = 1, for u < 0

lim
u→∞

Ψ(u) = 0

then the solution is

Ψ(u) = P(Tu < ∞).

Proof. This is a sketch of the proof. Let T b = inf (t : Xt ≥ b), b > u and let Ψn be twice a

function continuous and differentiable such that Ψn = Ψ on (−∞,− 1
n ]∪ [0,∞). The idea

of the proof is the following: by Ito’s lemma

E(Ψn(Xt∧Tu∧T b)) = Ψn(u),

and then by bounded convergence theorem

E(Ψ(Xt∧Tu)) = Ψ(u),

as b → ∞ and n → ∞. But,

E(Ψ(Xt∧Tu)) = E(Ψ(Xt∧Tu)1Tu≤t) + E(Ψ(Xt∧Tu)1Tu>t)

= E(Ψ(XTu)1Tu≤t) + E(Ψ(Xt)1Tu>t)

= P(Tu ≤ t) + E(Ψ(Xt)1Tu>t).

Finally as t → ∞, Xt → ∞, and then

Ψ(u) = E(Ψ(Xt∧Tu)) = P(Tu ≤ ∞) + E(Ψ(Xt)1Tu>∞) = P(Tu ≤ ∞).
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It follows from the theorem that the boundary conditions together with the bound-

edness assumptions are sufficient to determine Ψ uniquely, provided the solutions exist.

2.7. Regular variation

Definition 2.7..1. Let l be a positive measurable function, defined in some neighborhood

[M,∞) of infinity, and satisfying

l(λx)/l(x) → 1, as x → ∞, ∀λ > 0,

then l is said to be slowly varying in Karamata’s sense [3].

Definition 2.7..2. If U : R → R has locally bounded variation, is right continuous, and

vanishes on (−∞, 0), we define its Laplace-Stieltjes transform

Û(s) :=

∫ ∞

−∞
e−sxdU(x) =

∫ ∞

0
e−sxdU(x)

where the integral converges absolutely for s > σ, where σ may be +∞.

Remark. Define

U(u) =











0 if u < 0
∫ u
0 Ψ(x)dx if u ≥ 0.

Then the Laplace Stieltjes transform of U(u), Û(s) is equal to the Laplace transform of

Ψ(u), L(Ψ(u))(s), i.e.

Û(s) =

∫ ∞

0
e−sudU(u) =

∫ ∞

0
e−suΨ(u)du = L(Ψ(u))(s). (2.18)

Theorem 2 (Karamata Tauberian Theorem[3]). Let U be a non-decreasing right-

continuous function on R with U(x) = 0 for all x < 0. If l varies slowly and c ≥ 0, ρ ≥ 0

the following are equivalent:

U(x) ∼ cxρl(x)/Γ(1 + ρ), (x → ∞),

Û(s) ∼ cs−ρl(1/s), (s → 0+).



13

In this theorem Û denotes the Laplace-Stieltjes transform.

Definition 2.7..3. A function f is ultimately monotone if there exists y such that for

any x > y, f(x) is monotone.

Theorem 3 (Monotone Density Theorem [3]). Let U(x) =
∫ x
0 u(y)dy. If

U(x) ∼ cxρl(x), x → ∞,

where c ∈ R, l ∈ R0, and if u is ultimately monotone, then

u(x) ∼ cρxρ−1l(x), x → ∞.
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3. RUIN PROBABILITY IN THE CLASSICAL C-L CASE

In this section, the method is demonstrated for the classical Cramer-Lundberg

model. The ruin probability is derived in the special case of exponentially distributed

claim sizes.

3.1. The model

As presented before, a Cramer- Lundberg model is described by a risk process[7]:

X(t) = u + ct − S(t), t ≥ 0

where

S(t) = ξ1 + ξ2 + . . . + ξN(t),

represents the total claim amount process, and N(t) represents the number of claims in

the interval [0, t],

N(t) = sup
n≥1

{tn ≤ t}, t ≥ 0.

Here (ξk)k∈N are the claim sizes, positive, independent, identically distributed random

variables with finite mean, µ, and finite variance. As a consequence of the independence

of claim sizes and inter-arrival times, S(t), defined as [4]

S(0) = 0, as N(0) = 0

and

S(t) =

N(t)
∑

i=1

ξi, for N(t) > 0

has the mean E(
∑N(t)

j=1 ξj) = (λt)(µ).
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Definition 3.1..1. The difference between the premium rate and the average cost of the

claims represents the“safety loading”, or the “risk premium rate”. The net profit condition

refers to a positive safety loading.

Over a period of time [0, t] the premium income is ct and the average cost of the claim

is λµt. The net profit condition says that the expected value of incoming premiums is

greater than the expected value of the paid claims, i.e.

E(ct) > E(

N(t)
∑

j=1

ξj)

ct > λµt

c/λµ − 1 > 0.

Denoting ρ = c
λµ − 1 the net profit condition reduces to ρ > 0.

Definition 3.1..2. The ruin probability in finite time is defined as

Ψ(u, T ) = P (X(t) < 0, for some t ≤ T ), where 0 < T < ∞, u ≥ 0 (3.1)

and, in infinite time:

Ψ(u) = Ψ(u,∞).

Definition 3.1..3. Let F̄ (x) = 1 − F (x) denotes the tail of the distribution. Then the

integrated tail of the distribution is

FI(x) =
1

µ

∫ x

0
F̄ (y)dy.

Theorem 4 (Cramer-Lundberg Theorem). Consider the Cramer-Lundberg model

Xt = u + ct −

N(t)
∑

k=1

ξk,

including the net profit condition ρ > 0. Assume that there exists a ν > 0 such that

∫ ∞

0
eνxdFI(x) =

c

λµ
= 1 + ρ
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(i)Then for all u ≥ 0

Ψ(u) ≤ e−νu.

(ii)If the size of the claim is exponentially distributed, F (x) = 1− e−x/µ, the ruin proba-

bility has the form:

ψ(u) =
1

1 + ρ
exp(−

ρ

µ(1 + ρ)
u), u ≥ 0

Proof. i) In order to prove this result consider the ruin probability as a solution of the

infinitesimal generator equation AΨ(u) = 0 [12]. Using the result (2.6) regarding jump

processes, the infinitesimal generator can be derived as follows:

AΨ(u) = lim
h→0

ThΨ(u) − Ψ(u)

h
= cΨ′(u) + λ

∫ ∞

0
(Ψ(u − y) − Ψ(u))dF (y).

Accordingly, the equation is:

cΨ′(u) + λ

∫ ∞

0
(Ψ(u − y) − Ψ(u))dF (y) = 0.

3.2. The method

The convolution type integral suggests the use of the Laplace transform, since the convo-

lution transforms into a product. The solution of the Laplace transform of this equation

is the Laplace transform of the desired ruin probability. In order to analyze the solutions

of the equation

AΨ(u) = cΨ′(u) + λ

∫ ∞

0
(Ψ(u − y) − Ψ(u))dF (y) = 0 (3.2)

with the boundary conditions:

lim
u→∞

Ψ(u) = 0

Ψ(0) =
λµ

c

the solutions of the Laplace transform of this equation are derived and analyzed. Let

LΨ(u)(s) = Û(s). Using the following properties of the Laplace transform

L(Ψ′(u))(s) = sÛ(s) − Ψ(0)
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L

∫ u

0
Ψ(u − y)dF (y)(s) = Û(s)F(s)

and

L(1 − F (u))(s) =
1

s
−

F(s)

s
,

then the equation (3.2) is equivalent to:

sÛ(s) − Ψ(0) =
λ

c
Û(s) −

λ

c
Û(s)F(s) −

λ

c
(
1

s
−

F(s)

s
).

Rearrangements of this equation, progressively lead to the following forms:

cs2Û(s) − scΨ(0) = λsÛ(s) − λsÛ(s)F(s) − λ + λF(s)

Û(s)(cs2 − λs + λsF(s)) = scΨ(0) − λ + λF(s),

where F(s) = L(f(u))(s) will have the following power series expansion:

F(s) =

∫ ∞

0
e−sxf(x)dx = E(e−sY ) = E(

∞
∑

k=0

(−sY )k

k!
) =

∞
∑

k=0

(−s)k

k!
E(Y k).

Here Y is a random variable having the distribution F . Consequently the equation be-

comes:

Û(s)(cs2 − λs + λs(1 − µs + s2F2(s))) = scΨ(0) − λ + λ(1 − µs + s2F2(s)) (3.3)

where F2(0) is non-zero. Then Û(s) will have the form:

Û(s) =
cΨ(0) − λµ + sλF2(s)

s(c + λµ + λsF2(s))
=

λF2(s)

c + λµ + λsF2(s)
(3.4)

since Ψ(0) = λµ
c .

Remark 2. As s → 0 the asymptotic behavior of Û(s) is:

Û(s) ∼
kλ

(c + λµ) + kλs
,

where k is a real constant.
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It will be the subject of future research to show that under certain conditions (to be

determined) regarding the distribution F of the claim sizes, the Laplace inverse of Û(s),

namely Ψ(u), has an exponential decay as u → ∞, i.e.

Ψ(u) ∼ Ke−
c+λµ

kλ .

So Ψ(u) ≤ M , for large n.

3.3. Exponentially distributed claim sizes case

Proof. ii) Assume the distribution of the claim sizes is exponential with parameter µ.

Then F(s) = L(f(u))(s) = 1
sµ+1 . The Laplace transform of the equation (2.6) is:

Û(s)(cs2 − λs + λs
1

sµ + 1
) = scΨ(0) − λ +

1

sµ + 1
(3.5)

Û(s)[cs3µ + cs2 − λs2µ − λs + λs] = s2µcΨ(0) + scΨ(0) − λµs − λ + λ (3.6)

Since Ψ(0) = λµ
c , after simplification the solution of the Laplace equation looks like:

Û(s) =
Ψ(0)

s + c−λµ
µc

. (3.7)

Consequently, Ψ(u), the inverse of the Laplace transform is:

Ψ(u) = Ψ(0) exp(−
c − λµ

µc
u) =

1

ρ + 1
exp(−

ρ

µ(ρ + 1)
u), (3.8)

i.e. the well-known result of the exponentially distributed claim size distribution in the

case of net profit condition.
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4. RUIN PROBABILITY UNDER UNCERTAIN INVESTMENTS

This section contains the analysis of the changes in the asymptotic behavior of the

ruin probability if the insurance company invests in a risky asset whose price follows a

geometric Brownian motion, with drift a and volatility σ. In contrast to the classical

Cramer-Lundberg case with no investments, Section 3, where the ruin probability decays

exponentially as u → ∞, in Frolova et al.’s paper [9] it is shown that the ruin probability

either decays algebraically or equals one, depending on the parameters a and σ of the

asset only. In their paper the result is established only for exponentially distributed claim

sizes. Their method of proof relays on the fact that the derivative of an exponential

is an exponential. In this section, a generalization of the result for distributions of the

claim sizes having moment generating functions defined on a neighborhood of the origin

is presented.

4.1. The model

Let us consider a process X having the form

Xt = u + a

∫ t

0
Xs ds + σ

∫ t

0
Xs dWs + ct −

N(t)
∑

k=0

ξk, (4.1)

where ξk represents the size of the k-th claim, with a probability distribution F on (0,∞),

c is the fixed rate of premium and u is the initial capital. Xt describes the evolution of

the capital of an insurance company which is continuously invested in an asset, with the

price following a geometric Brownian motion. Relative price increments are adt + σdWt.
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4.2. The method

The behavior of the probability of ruin is analyzed, using the following method.

Recall that the ruin probability in infinite time is given by

Ψ(u) = Ψ(u,∞) = P(X(t) < 0, for some t < ∞) = P(Tu < ∞).

Assume Ψ(u) is a monotone decreasing function. In order to study the asymptotic behavior

of the ruin probability as u approaches infinity, one analyzes the asymptotic behavior of

the solution of the infinitesimal generator equation A(Ψ(u)) = 0, by means of the Laplace

transform of this equation (Step 1). Define

U(u) =











0 if u < 0
∫ u
0 Ψ(x)dx if u ≥ 0.

and its Laplace Stieltjes transform, Û(s). This is equal to the Laplace transform of Ψ(u),

L(Ψ(u))(s), i.e.

Û(s) =

∫ ∞

0
e−sudU(u) =

∫ ∞

0
e−suΨ(u)du = L(Ψ(u))(s).

To derive the asymptotic behavior of L(Ψ(u))(s) = Û(s), as s → ∞, one needs to consider

the non-homogeneous equation L(A(Ψ(u)))(s) = g(s) (Step 2). Since U(u) is a non-

decreasing, right-continuous function in R with U(u) = 0 for all u < 0, the Karamata

Tauberian Theorem applies. Accordingly, the asymptotic behavior of Û(s) as s → 0+,

determines the asymptotic behavior of U(u) as u → ∞ (Step 3). The last step uses the

Monotone Density Theorem (Step 4), relating the asymptotic behavior of U(u) and Ψ(u)

as u → ∞.

4.3. The result

Theorem 5. Assume the moment generating function of the claim size distribution, F ,

is define on a neighborhood of the origin. Assume that σ > 0.
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If the ruin probability decays at infinity then ρ = 2a/σ2 > 1.

If 1 < ρ < 2 then for some K > 0,

Ψ(u) = Ku1−ρ(1 + o(1)), as u → ∞.

Remark 3. It is conjectured that if ρ ≤ 1, then Ψ(u) = 1 for all u.

Proof. In order to prove that Ψ(u) = Ku1−ρ(1 + o(1)), i.e. that Ψ(u) behaves asymptoti-

cally at ∞ as u1−ρ, the function

U(u) =











0 if u < 0
∫ u
0 Ψ(x)dx if u ≥ 0.

is introduced and it is proved that the asymptotic behavior of the Laplace Stieltjes of

U , Û , is given by csρ−2l(1/s) as s → 0. The proof follows the method described above.

Consider the process Xt = u + a
∫ t
0 Xs ds + σ

∫ t
0 Xs dWs + ct −

∑N(t)
k=0 ξ as a sum of a

diffusion and a process with jumps. Note that the infinitesimal generator for Ψ(u) has the

form:

AΨ(u) =
σ2

2
u2Ψ′′(u) + (au + c)Ψ′(u) + λ

∫ ∞

0
(Ψ(u − y) − Ψ(u)) dF (y). (4.2)

Taking into account that Ψ(u−y) = 1 for any u < y and that F is a distribution function,

i.e.
∫ ∞
0 dF (y) = 1, one obtains:

AΨ(u) =
σ2

2
u2Ψ′′(u) + (au + c)Ψ′(u) + λ

∫ ∞

0
Ψ(u − y) dF (y) − λΨ(u).

AΨ(u) =
σ2

2
u2Ψ′′(u) + (au + c)Ψ′(u) − λΨ(u) + λ

∫ u

0
Ψ(u − y)dF (y) + λ

∫ ∞

u
dF (y)

Then, AΨ(u) = 0 has the form

σ2

2
u2Ψ′′(u) + (au + c)Ψ′(u) − λΨ(u) + λ

∫ u

0
Ψ(u − y) dF (y) + λ(1 − F (u)) = 0 (4.3)

Step 1, Laplace transform. Assume the distribution of the claims size has mean µ.

The Laplace transform of the infinitesimal generator equation (4.3) is consequently:

σ2

2

d2

ds2
[s2Û(s)] + a(−

d

ds
[sÛ(s)]) + csÛ(s) − λÛ(s) + λÛ(s)F(s) +

λ

s
(1 −F(s)) = cΨ(0)
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where Û(s) = L(Ψ(u)(s)) denotes the Laplace transform of the Ψ(u) and F(s) = L(f(u))(s).

The terms of the equation were obtained using the following elementary properties of

Laplace transform:

L(Ψ′(u)(s)) = sÛ(s) − Ψ(0)

L(uΨ′(u)(s)) = −
d

ds
[sÛ(s)]

L(u2Φ′′(u)(s)) =
d2

ds
[s2Û(s)]

L(

∫ u

0
Ψ(u − y)f(y) dy) = Û(s)F(s)

L(1 − FU (u)) =
1

s
−

1

s
L(f(u))(s).

Since the distribution F of the claim sizes has the moment generating function defined on

a neighborhood of the origin, then the Laplace transform of the density has the form:

L(f(u)(s) = E(e−sX) =

∞
∑

k=0

(−s)k

k!
E(Xk),

where X is a random variable having the density f . Performing calculations, the Laplace

transform equation becomes:

σ2

2

d2

ds2
[s2Û(s)] + a(−

d

ds
[sÛ(s)]) + (cs − λ + λF(s))Û(s) +

λ

s
(1 −F(s)) = cΨ(0)

Since

d

ds
[sÛ(s)] = Û(s) + sÛ ′(s)

d

ds
[s2Û(s)] = 2sÛ(s) + s2Û ′(s)

d2

ds2
[s2Û(s)] = 2Û(s) + 4sÛ ′(s) + s2Û ′′(s)

then the equation can be rewritten as:

σ2s2

2
Û ′′(s)+(2sσ2−as)Û ′(s)+(cs−λ+λF(s)+σ2−a)Û(s) = cΨ(0)−

λ

s
(1−F(s)) (4.4)

Step 2, Asymptotic behavior of Û At this step the asymptotic behavior of the solu-

tions of the equation (4.4) is analyzed. Starting with the solutions for the homogeneous
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equation, ŷ1(s) = s−1γ1(s) and ŷ2(s) = s−2+ 2a

σ2 γ2(s) it is shown that the non-homogeneous

equation has an additional solution ŷ3(s) = γ3(s), where γ1, γ2, γ3 are holomorphic in the

disk | s |< 1
µ with γ1(0) = γ2(0) = γ3(0) = 1. Dividing (4.4) by σ2

2 and denoting Û(s) = y

the following form is obtained:

s2y′′ +
2(2σ2 − a)

σ2
sy′ +

2(cs − λ + σ2 − a + λF(s))

σ2
y =

2cΨ(0)

σ2
−

2λ

σ2s
(1 −F(s)).

This is equivalent to:

s2y′′ + p(s)sy′ + q(s)y = g(s), (4.5)

where

p(s) = p0 =
2(2σ2 − a)

σ2

q(s) = q0 + q1(s) =
2(σ2 − a)

σ2
+ q1(s)

g(s) = g0 + g1(s) =
2(cΨ(0) − λµ)

σ2
+ g1(s)

F(s) = 1 + µs + F2(s)

with q1, g1, F2 holomorphic in the disc | s |< 1/µ and q1(0) = g1(0) = F2(s)
s |s=0= 0.

Having s = 0 as a regular singular point of the homogeneous equation

s2y′′ + p(s)sy′ + q(s)y = 0 (4.6)

the solution has the form:

ŷ(s) = sρ
∞

∑

k=0

cks
k

i.e.

ŷ(s) =
∞

∑

k=0

cks
ρ+k (4.7)

with c0 = 1 [8]. Substituting this into (4.6), a recurrence system of equations is obtained:

c0f(ρ) = 0

c1f(ρ + 1) + c0f1(ρ) = 0

· · ·
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ckf(ρ + k) + ck−1f1(ρ + k − 1) + · · · + c0fk(ρ) = 0

where f(ρ) = ρ(ρ − 1) + p0ρ + q0 and fk(ρ) = ρpk + qk. Since p and q are holomorphic

functions and

p(s) =
2(σ2 − a)

σ2
=

∞
∑

k=0

pks
k

q(s) =
2

σ2
(σ2 − a + cs − λ + λ(1 + µs + F̂2(s)) =

∞
∑

k=0

qks
k

then the specific form of p0 and q0 are p0 = 2(2σ2−a)
σ2 and respectively q0 = 2

σ2 (σ2 − a −

λ + λ) = 2
σ2 (σ2 − a). Given that c0 = 1 and f(ρ) = ρ(ρ − 1) + p0ρ + q0 [8], the equation

c0f(ρ) = 0 becomes

ρ(ρ − 1) + p0ρ + q0 = 0

and can be solved for ρ, considering p0 and q0 calculated above:

ρ(ρ − 1) +
2(2σ2 − a)ρ

σ2
+

2(σ2 − a)

σ2
= 0

ρ2 + (
4σ2 − 2a

σ2
− 1)ρ +

2σ2 − 2a

σ2
= 0

i.e.

ρ2 +
3σ2 − 2a

σ2
ρ +

2σ2 − 2a

σ2
= 0.

The discriminant of this equation is:

d = (
3σ2 − 2a

σ2
)2 − 4(

2σ2 − 2a

σ2
) =

=
9σ4 − 12σ2a + 4a2 − 8σ4 + 8σ2a

σ4
=

=
σ4 − 4σ2a + 4a2

σ4
=

(σ2 − 2a)2

σ4
> 0

for any σ and for any a, σ 6= 0. If 2σ2 6= a, the equation has two distinct solutions:

ρ1,2 =
1

2
(−

3σ2 − 2a

σ2
±

σ2 − 2a

σ2
)

namely:

ρ1 = −1
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and

ρ2 = −2 +
2a

σ2
.

The derivation of the solutions of the non-homogeneous equation uses the variation of

parameters method. Consider the equation

s2y′′ +
2(2σ2 − a)

σ2
sy′ +

2

σ2
(σ2 − a + cs + µs + F2(s))y = g(s),

g(s) =
2Ψ(0)c

σ2
+

λ

s
(µs + F2(s)).

The solutions of the homogeneous equation are

ŷ1(s) = y1(s)γ1(s)

ŷ2(s) = y2(s)γ2(s),

where

y1(s) = s−1

y2(s) = s−2+ 2a

σ2

and γ1(0) = γ2(0) = 1. A particular solution of the non-homogeneous equation has the

form

ŷp(s) = A1(s)ŷ1(s) + A2(s)ŷ2(s)

where A1 and A2 satisfy:











A′
1(s)ŷ1(s) + A′

2(s)ŷ2(s) = 0

A′
1(s)ŷ

′
1(s) + A′

2(s)ŷ
′
2(s) = g(s)

s2

and g(s) = 2(Φ(0)c−λµ)
σ2 − 2λF2(s)

s . Solving the system of equations in A′
1 and A′

2 one gets

A′
1(s) = −

g(s)

s2

y2(s)γ2(s)

y1(s)γ1(s)[y2(s)γ2(s)]′ − y2(s)γ2(s)[y1(s)γ1(s)]′

A′
2(s) =

g(s)

s2

y1(s)γ1(s)

y1(s)γ1(s)[y2(s)γ2(s)]′ − y2(s)γ2(s)[y1(s)γ1(s)]′
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where γ1(s) 6= 0 6= γ2(s). Reorganizing the expressions:

A′
1 =

g(s)

s2

1

y2(s)γ2(s)(
y1(s)γ1(s)
y2(s)γ2(s))

′

A′
2 =

g(s)

s2

1

y1(s)γ1(s)(
y2(s)γ2(s)
y1(s)γ1(s))

′

(
y1(s)γ1(s)

y2(s)γ2(s)
)′ = s−

2a

σ2 [(1 −
2a

σ2
)(

γ1

γ2
) + s(

γ1

γ2
)′]

(
y2(s)γ2(s)

y1(s)γ1(s)
)′ = s−2+ 2a

σ2 [(−1 +
2a

σ2
)(

γ2

γ1
) + s(

γ2

γ1
)′]

Accordingly,

A′
1(s) =

g(s)

s2

1

s−2+ 2a

σ2 γ2(s)

1

s−
2a

σ2 (1 − 2a
σ2 )(γ1

γ2
) + s(γ1

γ2
)′

=
g(s)

(1 − 2a
σ2 )γ1(s) + s(γ1(s)

γ2(s))
′
= Γ̂1(s),

with

Γ̂1(0) =
g(0)

1 − 2a
σ2

=
2(cΨ(0) − λµ)

σ2(1 − 2a
σ2 )

=
2(cΨ(0) − λµ)

(σ2 − 2a)

and

A′
2(s) =

g(s)

s2

1

s−1γ1(s)

1

s−2+ 2a

σ2 (−1 + 2a
σ2 )(γ2

γ1
) + s(γ2

γ1
)′

=

= g(s)s1− 2a

σ2
1

(−1 + 2a
σ2 )γ2(s) + sγ1(s)(

γ2

γ1
)′

= s1− 2a

σ2 Γ̂2(s)

with

Γ̂2(0) =
g(0)

−1 + 2a
σ2

=
2(cΨ(0) − λµ)

(2a − σ2)
.

Integrating

A1(s) = sΓ1(s)

A2(s) = s2− 2a

σ2 Γ2(s)

where Γ1 and Γ2 are holomorphic in the disk |s| < 1
µ functions, with Γ1(0) = cΨ(0)

2(σ2−2a)
and

Γ2(0) = cΨ(0)

2(2a−σ2)(2− 2a

σ2 )
.
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Remark 4. In order to integrate s1− 2a

σ2 , the exponent, 1 − 2a
σ2 , should be greater than −1,

i.e. 2a
σ2 < 2.

So,

y(s) = A1(s)ŷ1(s) + A2(s)ŷ2(s)

= sΓ1(s)s
−1γ1(s) + s2− 2a

σ2 Γ2(s)s
−2+ 2a

σ2 γ2(s)

= Γ1(s)γ1(s) + Γ2(s)γ2(s) = γ3(s).

Asymptotic behavior of LΨ(u)(s)

In order to study the asymptotic behavior of LΨ(u)(s), the first assumption is that

ρ1 − ρ2 is not an integer. In this case the particular solutions of (4.5) will have the form:

ŷ1 = sρ1γ1(s)

ŷ2 = sρ2γ2(s)

ŷ3 = γ3(s)

where γj(s) are holomorphic in the disk |s| < 1
µ and γj(0) = 1, j = 1, 2, 3, therefore γ1,

γ2, γ3 are slowly varying functions. Using the computed value of ρ1 and ρ2, the solutions

are:

ŷ1 = c1s
−1γ1(s)

ŷ2 = c2s
−2+ 2a

σ2 γ2(s)

ŷ3 = c3γ3(s)

where γ(s) =
∑∞

−∞ γks
k. The solution of the Laplace transform of the equation of the

infinitesimal generator, i.e. the Laplace transform of the ruin probability, is a linear

combination of these particular solutions. So, the solution of the Laplace transform of the

(4.3) has the form:

ŷ = c1ŷ1 + c2ŷ2 + c3ŷ3

= c1s
−1γ1(s) + c2s

−2+ 2a

σ2 γ2(s) + c3γ3(s)
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where γ1, γ2 and γ3 are holomorphic functions. Determining asymptotic behavior of U(u)

as u → ∞ requires knowledge of asymptotic behavior of Û(s) as s → 0+, which is now

considered. The asymptotic behavior of the solution as s → 0+ is dictated by the leading

term of this linear combination. It can be distinguished two cases.

Case 1.

Suppose the leading term of the linear combination is s−1. In this case the asymp-

totic behavior of L(Ψ(u))(s) = Û(s) is given by

Û(s) ∼ cs−1γ1(s) as s → 0.

Since U(u), defined as the integral of the ruin probability, for positive values of u and

zero otherwise, is non-decreasing, right continuous and equals to zero for negative values

of u, c ∈ R, c ≥ 0, δ ≥ 0, Karamata Tauberian theorem can be applied (Step 3). Using

the theorem, from the derived asymptotic behavior of Û(s) as s → 0 results that the

asymptotic behavior of U is given by:

U(u) ∼ cuγ(1/u)/Γ(2) as u → ∞.

Applying the Monotone Density theorem (Step 4) for U(u), implies that the asymptotic

behavior of the ruin probability is given by

Ψ(u) ∼ cγ(1/u)/Γ(2) as u → ∞.

Hence, the asymptotic behavior of the ruin probability, decays to a constant as u →

∞. Obviously, in this case, the function does not satisfy the boundary conditions from

Paulsen’s theorem, so it is not a solution that can be related to the ruin probability.

Case 2.

Considering the case of s−2+ 2a

σ2 as leading term, then the Laplace transform Û(s) =

L(Ψ(u))(s) has an asymptotic behavior around zero given by:

Û(s) ∼ cs−2+ 2a

σ2 γ(s) as s → 0.
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The Karamata-Tauberian Theorem can be applied since all the conditions are fulfilled

(Step 3). Given the asymptotic behavior of Û(s) as s → 0 is concluded that the asymptotic

behavior of U(u) =
∫ u
0 Ψ(x)dx is

U(u) ∼ cu2− 2a

σ2 γ(1/u)/Γ(3 −
2a

σ2
), as u → ∞.

In order to satisfy Paulsen’s theorem condition U(u) needs to decay as u → ∞. If 2− 2a
σ2 <

1, then u2− 2a

σ2 decays as u → ∞, otherwise it grows. In other words, only for ρ = 2a
σ2 > 1

U(u) decays as u → ∞. Again, since Ψ(u) is monotone, c ∈ R, ρ ∈ R and

U(u) ∼ cu2− 2a

σ2 γ(1/u)/Γ(3 −
2a

σ2
),

as u → ∞, Monotone Density Theorem applies (Step 4). Applying the theorem, it can be

conclude that the derivative of U(u), i.e. Ψ(u), will have the asymptotic behavior

Ψ(u) ∼ c(2 −
2a

σ2
)u2− 2a

σ2 −1γ(1/u)/Γ(3 −
2a

σ2
), as u → ∞

for 2a
σ2 > 1. Combining this condition with the one in the Remark 2, it means that for

1 < 2a
σ2 < 2,

Ψ(u) ∼ c(2 −
2a

σ2
)u1− 2a

σ2 γ(1/u)/Γ(3 −
2a

σ2
), as u → ∞

i.e.

Ψ(u) = Ku1− 2a

σ2 γ(1/u), as u → ∞,

where K = c(2− 2a
σ2 )/Γ(3− 2a

σ2 ). Denoting 2a
σ2 = ρ, implies that Ψ(u) decreases at infinity

as the power function u1−ρ for 1 < ρ < 2.

In the case ρ = 2a
σ2 < 1 there is no decay of the ruin probability and it is conjectured

that the probability of ruin is one, meaning that the ruin is certain.
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5. CONCLUSION

The insurance companies should be very attentive to where they invest their capital.

Investments in an asset with stochastic interest rate may be too risky for an insurance

company. It can be mathematically justified that an investment in such an asset is not

recommended. Disaster may arrive when the market value of the asset is low and it is

not possible to be cover the losses just by selling these assets [9]. Investments in a stock

with large volatility, namely when ρ < 1, lead to a ruin with probability one whatever

is the initial capital. The decay of the ruin probability in case of investments with small

volatility, ρ < 1, depends only on the investment parameters a and σ. This suggests that

the “insurance” part of the model does not influence the long term asymptotic behavior

of the ruin probability.
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