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Abstract

Explicit formulae for the fundamental solution of the linearized time
dependent Navier Stokes equations in three spatial dimensions are ob-
tained. The linear equations considered in this paper include those used
to model rigid bodies that are translating and rotating at a constant
velocity. Estimates extending those obtained by Solonnikov in [23] for
the fundamental solution of the time dependent Stokes equations, cor-
responding to zero translational and angular velocity, are established.
Existence and uniqueness of solutions of these linearized problems is ob-
tained for a class of functions that includes the classical Lebesgue spaces
Lp(R3), 1 < p < ∞. Finally, the asymptotic behavior and semigroup
properties of the fundamental solution are established.
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1 Introduction and statement of the main re-

sults

The determination of explicit formulae for the fundamental solution of the lin-

earized fluid equations is useful in establishing basic properties of the nonlinear
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Navier Stokes equations. For example, spatial decay properties for the velocity

field of the steady exterior problem were obtained by Finn in [5], [7] and for

the vorticity by Clark [3]. These estimates use the Oseen fundamental tensor

in free space for the steady problem resulting in similar estimates for the solu-

tion of the nonlinear steady Navier Stokes equations. In particular, using these

decay estimates, Guenther et al [12] show that the drag on a rigid body that

is moving at a constant velocity can be determined from the far field behavior

of the pressure. Consequently, it is natural to conjecture that knowledge of the

decay properties of the fundamental solution for the linearized time dependent

problem could also be used to obtain similar decay estimates for the solution of

the nonlinear problem and for the evaluation of the hydrodynamic forces in the

case of spinning bodies.

Insight into the solvability and properties of the solution of boundary value

problems could also be gained from a knowledge of the fundamental solution of

the free space problem as is well known from classical potential theory. (See e.g.

[13].) Similarly, for numerical calculations, the knowledge of the fundamental

solution can be used to develop boundary element methods applicable in very

general domains (See e.g. Schatz et al [20]). At the same time, for the Stokes and

Oseen equations, the drag on a rigid body can be determined by solving integral

equations of the first kind which are also determined in terms of the fundamental

solution of the linearized problem (Youngren et al, [27], [28], Schuster [21]). It

is natural to speculate that with the knowledge of the fundamental solution in

the time dependent case and for spinning bodies, a similar program could be
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carried out.

From the work of Oseen [19], and Odqvist [18] and Lichtenstein [15], explicit

formulae for the fundamental solution of the linearized fluid flow equations are

known for steady Oseen and Stokes flows. The purpose of this paper is to present

the corresponding fundamental solution for the time dependent equations that

model an incompressible fluid in the exterior of a rigid body that is translating

and rotating at a constant velocity and rotation. Specifically, consider the linear

problem

∂v

∂t
− (U + ω ∧ y) · ∇v + ω ∧ v = ∆v −∇π + F ∇·v = 0 for t > 0, (1.1)

with initial data

v(y, 0) = u0(y).

Here, ∆ =
∑3

j=1 ∂2/∂y2
j stands for the Laplace operator and F(y, t) represents

a forcing term. Let

L(v) =
∂v

∂t
− (U + ω ∧ y) · ∇v + ω ∧ v − ∆v ≡ ∂v

∂t
− Ly(v).

One is interested in solving (1.1) for a large enough class of initial data and forces

that includes (S(R3))3 where S(R3) is the usual Schwartz class of test functions.

As in [23] the Fundamental Tensor is comprised of a 3 × 3 matrix of distri-

butions Γ(y, z, t) and a three dimensional vector of distributions Q(y, z, t) such

that for arbitrary A ∈ R3 and t ≥ s, the distributions vA(y, t) = Γ(y, z, t−s)A,

πA(y, t) = Q(y, z, t − s) · A, satisfy for t ≥ s, in the sense of distributions,

∂vA

∂t
− Ly(vA) + ∇πA = δs(t)δz(y)A, ∇·(vA) = 0.
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Here, δs(t) and δz(y) denote the point mass concentrated at t = s and y = z,

respectively.

The main result of this paper determines the matrix Γ in terms of

K(x, t) =
1

(4πt)3/2
exp

(

−|x|2
4t

)

,

the fundamental solution of the heat equation in R3, and the Kummer or con-

fluent hypergeometric function, 1F1(1, 5/2, u). In the statement of this result,

Ω denotes the 3 × 3 matrix such that

ω ∧ x = Ωx,

whereas x ⊗ y denotes the tensor product of two vectors in R3 given by (x ⊗

y)ij = xiyj .

Theorem 1.1 Let z(t) = e−tΩz − tU. The fundamental tensor of the linear

problem (1.1) is given by

Γ(y, z, t) = K(y − z(t), t)

{[

I − (y − z(t)) ⊗ (y − z(t))

|y − z(t)|2

]

− 1F1

(

1,
5

2
,
|y − z(t)|2

4t

) [

1

3
I − (y − z(t)) ⊗ (y − z(t))

|y − z(t)|2

]}

e−tΩ

Q(y, z, t) =
−1

4π
∇y

1

|y − z(t)|δ0(t) ≡ Q∗(y, z(t))δ0(t).

From this explicit formula it is possible by direct inspection to extend the

validity of some of the estimates obtained in [23] to rotating rigid bodies. For

example one has that as y → ∞, and for t > 0 fixed,

|Γij(y, z, t)| ∼ 3

4π

1

|y|3
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with similar estimates for the time and spatial derivatives of Γ. The precise

statements are given in Propositions 4.1 and 4.3. In particular, it should be

noted that if u a physically relevant solution of the Navier Stokes equation as

defined by Finn in [6], [5], (see also Galdi [9]) then

∫

R3

|Γ(y, z, t − s)u(z, s)|dz < ∞.

The uniqueness of solutions for the linearized problem (1.1) can be obtained

using the fundamental tensor from Theorem 1.1 following standard methods.

Theorem 1.2 Let T > 0 and assume that for some 1 < p < ∞, 0 < α, u0(y) ∈

(Lp(R3))3, F(y, t) ∈ C([0, T ], (Lp(R3))3) ∩ C1+α(R3 × [0, T ]) and ∇·u0 = 0.

Then the unique solution of

∂v

∂t
− (U + ω ∧ y) · ∇v + ω ∧ v = ∆v −∇π + F ∇·v = 0 for t > 0,

with initial data v(0,y) = u0(y) and (v, p) ∈ C([0, T ], (Lp(R3))4) is given by

v(y, t) =

∫ t

0

∫

R3

Γ(y, z, t − s)F(z, s)dzds +

∫

R3

Γ(y, z, t)u0(z)dz,

p(y, t) =

∫

R3

Q∗(y, z(t)) · F(z, t)dz.

Semigroup properties of the tensor Γ(y, z, t) follow from this Theorem and

the estimates obtained in Proposition 4.3. Denote by L∗ the formal adjoint of

L given by

L∗(v) = −∂v

∂s
+ (U + ω ∧ z) · ∇v − ω ∧ v − ∆v = −∂v

∂s
− L∗

z(v)

where the spatial differentiation should be interpreted to be with respect to the

components of z.
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Theorem 1.3 The fundamental solution Γ(y, z, t − s) from Theorem 1.1 is

unique. As a function of (y, t) it satisfies for (y, t) 6= (z, s), L(ΓA) = 0,

∇·(ΓA) = 0 for any A ∈ R3, and as a function of (z, s) its transpose, Γ′,

satisfies the adjoint problem L∗(Γ′A) = 0, ∇z · (Γ′A) = 0. Furthermore, for

F ∈ (S(R3))3,

lim
(y,t)→(y0,0+)

∫

R3

Γ(y, z, t)F(z)dz = H(y0)

where H(y) is the projection of F(y) onto divergence free vector fields, and

∫

R3

Γ(y, z′, t − τ)Γ(z′, z, τ − s)dz′ = Γ(y, z, t − s).

Remark 1 In Theorem 1.2 the condition ∇·u0 = 0 is not essential. In general,

if the initial data does not satisfy the incompressibility conditions, the velocity

remains unchanged but the pressure at time t = 0 is given by

p(y, t) =

∫

R3

Q∗(y, z(t)) · (F(z, t) + u0(z) dz.

The organization of this paper is as follows. In the next section, a formulation

of the problem under consideration is given. In particular the relation with

the Navier Stokes equations in the exterior of a translating and spinning rigid

body is reviewed. This section also includes basic properties of the Kummer

functions, a review of the use of the Riesz transforms in this context as well

as setting up the notation used in the paper. In Section 3, the proof of the

main theorem is given. Section 4 contains estimates for the derivatives of the

fundamental solution tensor and the proof of the uniqueness of solutions and the

semigroup property of the fundamental solution. Section 5 contains conclusion

and remarks.
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2 Problem Formulation

Consider the time dependent Navier Stokes equations in a system of coordinates

with its origin at the center of mass of a rigid body translating with constant

velocity Ũ and rotating at constant angular velocity |ω̃| with respect to an axis

ω̃/|ω̃|. Denote by D the region exterior to the rigid body and ∂D its boundary.

From the work of Weinberger in [25], [26] and Serre in [22], the Navier Stokes

equations in this system of coordinates can be written in nondimensional form

as

∂u

∂t
+ (u · ∇)u − (U + ω ∧ x) · ∇u + ω ∧ u =

1

Re
∆u −∇p −Qg, ∇·u = 0.

See the comprehensive work of Galdi [10] for a contemporary exposition of the

use of these equations in sedimentation and other problems and the more recent

[11] for the existence of physically reasonable, in the sense of Finn, solutions for

slowly spinning bodies. In these equations, u is the non-dimensionalized fluid

velocity in the described system of coordinates, Re is the Reynolds number,

p is the pressure divided by the Euler number Eu = P/|Ũ|ρ, g =< 0, 0, γ >,

γ = gL/Ũ2 is the reciprocal of the Froude number, U = Ũ/Ũ , ω = (L/Ũ)ω̃ and

L and Ũ = |Ũ| are characteristic rigid body lengths and body current speed,

respectively, and P is a characteristic pressure. Finally, the matrix Q satisfies

Q̇x = Q(ω ∧ x).

Note that introducing Ω to be the antisymmetric matrix such that Ωx = ω ∧x,

one has that Q(t) = exp(tΩ).
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The boundary conditions are that the velocity decays at infinity and that on

the surface ∂D the velocity of the fluid equals the velocity of the solid;

u(x) = U + ω ∧ x, for x ∈ ∂D.

The linearized equations, similar to the Oseen equations, are given by

∂u

∂t
− (U + ω ∧ x) · ∇u + ω ∧ u =

1

Re
∆u −∇p −Qg, ∇·u = 0.

Equation (1.1) serves as a model for this physical equation by taking U′ =

Re U, ω′ = Re ω, scaling time as t′ = t/Re, and dropping the prime notation.

The determination of the fundamental solution for this linear problem is

done in the next section using the Riesz transforms in R3. This formula involves

the Kummer function, 1F1(1, 5/2, u). For completeness, a summary of basic

properties of the Riesz transforms and Kummer functions needed for this paper

is included here.

First recall that for f ∈ Lp(R3), p > 1, the Riesz transforms Rj , j = 1, 2, 3,

are given by

Rj(f)(y) =
1

π2

∫

yj − xj

|y − x|4 f(x) dx.

(See Stein [24] for example.) Defining the Fourier transform of a function in

S(R3) by

F(f)(ξ) =
1

(2π)3/2

∫

e−ix·ξf(x)dx,

one has, for f, g ∈ S(R3),

F(f ∗ g)(ξ) = (2π)3/2F(f)(ξ)F(g)(ξ).
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Then,

F(Rj(f))(ξ) = −i
ξj

|ξ|F(f)(ξ).

In particular, let P denote the projection on divergence free vector fields. Then

it follows immediately that in the sense of distributions,

P = I + R (2.1)

where R is the matrix with ijth entry given by RiRj .

With regards to the properties of the Kummer functions needed for this

work, recall that

1F1(a, c, u) =

∞
∑

n=0

(a)n

(c)n

un

n!

where (b)n = Γ(b+n)/Γ(b) is the Pochhammer symbol. In particular, (1)n = n!

so

1F1(1, c, u) =

∞
∑

n=0

1

(c)n
un.

The basic differentiation property of the Kummer functions (see [16], pg 264)

that is used in this paper is

d 1F1(a, c, u)

du
=

a

c
1F1(a + 1, c + 1, u). (2.2)

Also, while many recursion formulae are available for these confluent hyperge-

ometric functions, the one most useful for this paper is displayed as the third

formula on page 268 of [16]:

c 1F1(a, c, u) − (c − a) 1F1(a, c + 1, u) − a 1F1(a + 1, c + 1, u) = 0 (2.3)

Finally, the asymptotic behavior as u → ∞ of the Kummer functions can be
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written as

e−u
1F1(1, c, u) ∼ Γ(c)

1

uc−1
as u → ∞. (2.4)

(See [16] page 289.)

In the derivation of some of the results, the following property of the Kummer

functions is useful.

Lemma 2.1 Let c > 0. Then

de−u
1F1(1, c, u)

du
= e−u

(

1 − c

c

)

1F1(1, c + 1, u).

Proof: The result follows using the noted properties (2.2) and (2.3) of the

Kummer functions. Indeed,

de−u
1F1(1, c, u)

du
= e−u

[

1

c
1F1(2, c + 1, u) − 1F1(1, c, u)

]

= e−u 1

c
[ 1F1(2, c + 1, u) − c 1F1(1, c, u)]

= e−u 1

c
(−1)(c − 1) 1F1(1, c + 1, u).

3 Proof of the Main Theorem

To obtain the fundamental solution of (1.1) consider first the linear operator

L̃(W ) = ∆W + (U + ω ∧ y) · ∇W − ω ∧ W (3.1)

The fundamental solution of this linear system of equations can be obtained

in terms of the three dimensional heat kernel as indicated in the following Propo-

sition. It is convenient to introduce the following notation;

z(t) = e−tΩz − tU. (3.2)
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Proposition 3.1 Assume that ũ0(z) ∈ S(R3). Define

Γ̃(y, z, t) = K(y − z(t), t)e−tΩ. (3.3)

Then

ũ(y, z, t) =

∫

R3

Γ̃(y, z, t)ũ0(z) dz

satisfies the linear problem

∂ũ

∂t
= L̃ũ for t > 0,

with initial data ũ(y, 0) = ũ0(y).

Proof: The proposition is established by performing a sequence of changes of

dependent and independent variables.

Let u∗ = exp(tΩ)ũ. Then a simple calculation, shows that u∗ satisfies

∂u∗

∂t
− (U + ω ∧ y) · ∇u∗ = ∆u∗

Now, let v(y, t) = u∗(y − Ut, t). Then in terms of this unknown the linear

problem to be solved is

∂v

∂t
− (ω ∧ y) · ∇v = ∆v. (3.4)

From the results in DaPrato and Lunardi [4], see also Chen and Miyakawa

[2], it follows that the solution of the initial value problem (3.4) with initial data

ũ0(y) is given by

v(y, t) =
1

(4πt)3/2

∫

R3

e−|z|2/4tũ0(exp(tΩ)y − z)dz

=
1

(4πt)3/2

∫

R3

exp

(

−|etΩy − z|2
4t

)

ũ0(z)dz.
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Since ũ(y, t) = exp(−tΩ)v(y + tU, t), it follows that

ũ(y, t) =
1

(4πt)3/2
e−tΩ

∫

R3

exp

(

−|etΩ(y + tU) − z|2
4t

)

ũ0(z)dz (3.5)

is the solution of

∂ũ

∂t
= L̃ũ (3.6)

with initial data ũ0. The proposition follows by noting that |etΩ(y + tU)− z| =

|y − (e−tΩz − tU)|.

To obtain the fundamental solution of the linearized problem (1.1) taking into

account the incompressibility condition, the calculations leading to Proposition

3.1 need to be adapted. Using standard arguments it is easy to see that the

3 × 3 matrix Γ(y, z, t) defined by

ΓA = P(Γ̃A)

and

Q(y, z) = − 1

4π
∇ 1

|y − z|δ0(t).

form the fundamental tensor for the linear equation (1.1). In particular, for

t > 0,

L(ΓA) = 0, ∇·(ΓA) = 0. (3.7)

In preparation for obtaining the explicit formula for Γ, note that from the

relation between the projection P and the Riesz transforms noted in (2.1), it

follows that Γ can be expressed in terms of the fundamental solution of the

three dimensional heat equation. Indeed, let A ∈ R3 be fixed. Then

Γ(y, z, t)A = PΓ̃(y, z, t)A
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= (I + R)Γ̃(y, z, t)A

= [(I + R)K(y − z(t), t)] e−tΩA.

Now, recall that for f ∈ S(R3)

RiRjf = − ∂

∂xi

∂

∂xj
∆−1f.

([24], pg 243.) It is then natural to consider

Ψ(y, z, t) =
1

4π

1

(4πt)3/2

∫

1

|y − x| exp

(

−|x − z(t)|2
4t

)

dx = −∆−1K, (3.8)

so that

Γ(y, z, t)A = (K(y − z(t), t)I + Hess(Ψ)(y, z, t)) e−tΩA (3.9)

where Hess(Ψ) stands for the Hessian matrix of Ψ with differentiation taken

with respect to the components of y. It should be noted that the formula in

(3.9) extends identical formulas for the case of the time dependent Stokes and

Oseen problems ([23], [17]).

The first explicit calculation gives Ψ in terms of the Error function

Erf(s) =
2√
π

∫ s

0

e−u2

du.

Lemma 3.1 Let Ψ(y, z, t) be defined by (3.8). Then for t > 0,

Ψ(y, z, t) =
1

4π|y − z(t)|Erf(
|y − z(t)|√

4t
).

Proof: Using spherical coordinates with center at y and azimuthal angle mea-

sured from the axis determined by the vector y − z(t), one has

Ψ(y, z, t) =
1

32π5/2t3/2

∫ ∞

0

∫ π

0

∫ 2π

0

1

ρ
exp(−(ρ2 + |y − z(t)|2)/4t)
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exp(−ρ|y − z(t)| cos φ/2t)ρ2 sinφdθdφdρ

=
2π

32π5/2t3/2

∫ ∞

0

exp(−(ρ2 + |y − z(t)|2)/4t)

2t

|y − z(t)| [exp(−ρ|y − z(t)| cos φ/2t)]|π0dρ

=
1

8|y − z(t)|π3/2t1/2

[
∫ ∞

0

exp(−(ρ − |y − z(t)|)2)/4t)dρ

−
∫ ∞

0

exp(−(ρ + |y − z(t)|)2)/4t)dρ

]

=
1

8|y − z(t)|π3/2t1/2

∫ |y−z(t)|

−|y−z(t)|
exp(−ρ2/4t)dρ

=
1

8|y − z(t)|π3/2t1/2
2
√

4t

∫ |y−z(t)|/
√

4t

0

exp(−u2)du

=
1

8|y − z(t)|π3/2t1/2
(4πt)1/2Erf(|y − z(t)|/

√
4t)

and the result follows.

Since

Erf(s) =
2s√
π

e−s2

1F1(1, 3/2, s2), (3.10)

(see [16] page 285), one has

Ψ(y, z, t) =
1

4π|y − z(t)|
2√
π

|y − z(t)|√
4t

exp (−|y − z(t)|2/4t) 1F1(1,
3

2
,
|y − z(t)|2

4t
)

= 2t K(y − z(t), t) 1F1(1,
3

2
,
|y − z(t)|2

4t
) (3.11)

Proposition 3.2 For t > 0 and with Ψ given by (3.11),

∂

∂yi

∂

∂yj
Ψ(y, z, t) = K(y − z(t), t)

[

−1

3
1F1

(

1,
5

2
,
|y − z(t)|2

4t

)

δij

+
(yi − zi(t))(yj − zj(t))

|y − z(t)|2

[

1F1

(

1,
5

2
,
|y − z(t)|2

4t

)

− 1

]]

.

Proof: Let u = |y − z(t)|2/(4t) so

Ψ(y, z, t) =
2t

(4πt)3/2
e−u

1F1(1, 3/2, u).
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Consequently,

∂Ψ

∂yi
=

∂u

∂yi

2t

(4πt)3/2

de−u
1F1(1, 3/2, u)

du

=
∂u

∂yi

2t

(4πt)3/2

(

−1

2

)

2

3
e−u

1F1(1, 5/2, u)

where Lemma 2.1 with c = 3/2 was used. Then, since ∂u/∂yi = (yi−zi(t))/(2t),

∂Ψ

∂yi
= −1

3
(yi − zi(t))K(y − z(t), t) 1F1(1,

5

2
,
|y − z(t)|2

4t
).

For the second derivative, similar arguments can be used. Indeed,

∂2Ψ

∂yj∂yi
= −1

3
δijK(y − z(t), t) 1F1(1,

5

2
,
|y − z(t)|2

4t
)

−1

3
(yi − zi(t))

(yj − zj(t))

2t

1 − 5/2

5/2
K(y − z(t), t) 1F1(1,

7

2
,
|y − z(t)|2

4t
)

= −1

3
δijK(y − z(t), t) 1F1(1,

5

2
,
|y − z(t)|2

4t
)

+
(yi − zi(t))(yj − zj(t))

|y − z(t)|2
K(y − z(t), t)

|y − z(t)|2
4t

1
5
2

1F1(1,
7

2
,
|y − z(t)|2

4t
)

The proposition follows using the power series representation of the Kummer

functions. Indeed,

u
2

5
1F1(1,

7

2
, u) = u

2

5

∞
∑

n=0

n!

(7/2)n

un

n!

=

∞
∑

n=0

(n + 1)!

(5/2)n+1

un+1

(n + 1)!

= 1F1(1,
5

2
, u) − 1.

Proof of Theorem 1.1: The explicit formula for Γ is an immediate conse-

quence of Proposition 3.2 and (3.9). Also, by construction, Γ(y, z, t)A satisfies
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for t > 0,

∂ΓA

∂t
= Ly(ΓA).

So it only remains to show that

lim
t→0+

∫

R3

Γ(y, z, t)F(z)dz + ∇y

∫

R3

Q∗(y, z)F(z)dz = F(z) (3.12)

for all F ∈ (S(R3))3.

Using the Helmholtz decomposition one has

F = H + ∇V,

where, for example, H and V are in L2(R3) and ∇·H = 0. Then, since z(0) = z,

∫

R3

Q∗(y, z)F(z) =

∫

R3

−1

4π
∇y

1

|y − z|∇V (z)dz

=

∫

R3

1

4π
∇z

1

|y − z|∇V (z)dz

= −
∫

R3

1

4π

1

|y − z|∆V (z)dz

= V (y)

so

∇y

∫

R3

Q∗(y, z)F(z) = ∇yV (y). (3.13)

Using Lemma 3.1, and z(t) = e−tΩz − tU it is easy to see that

Hessy(Ψ) = e−tΩHessz(Ψ)etΩ.

Then, using (3.9),

∫

R3

Γ(y, z, t)F(z)dz = e−tΩ

∫

R3

K(y − z(t), t)F(z)dz

+e−tΩ

∫

R3

Hessz(Ψ)(y, z, t)F(z))dz
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Standard properties of the three dimensional heat kernel give

lim
t→0+

e−tΩ

∫

R3

K(y − z(t), t)F(z)dz = F(y). (3.14)

Now, recall that the Laplace operator and its inverse are invariant under or-

thogonal transformation, so working componentwise with i = 1, 2, 3 one has

∫

R3

(Hessz(Ψ)(y, z, t)F(z))idz =

∫

R3

∇z

(

∂Ψ

∂zi

)

· F(z)dz

=

∫

R3

Ψ
∂∇z · F

∂zi
dz

=

∫

R3

Ψ
∂∆V

∂zi
dz

=

∫

R3

− ∆−1K(y − z(t), t)∆
∂V

∂zi
dz

= −
∫

R3

K(y − z(t), t)
∂V

∂zi
dz, (3.15)

where we have used the Helmholtz decomposition of F. In particular, for F ∈

(S(R3))3,
∫

R3

Γ(y, z, t)F(z)dz =

∫

R3

K(y − z(t), t)H(z)dz. (3.16)

Thus

lim
t→0+

∫

R3

(Hessy(Ψ)(y, z, t)F(z))idz = lim
t→0+

−e−tΩ

∫

R3

K(y − z(t), t)
∂V

∂zi
dz

= −∂V

∂yi
(y) (3.17)

Then (3.12) follows from (3.13), (3.14) and (3.17).

4 Basic Properties of the Fundamental Solution

In this section, the asymptotic behavior of the fundamental solution Γ(y, z, t)

and estimates of its spatial and time derivatives are obtained. While more

17



general estimates are possible, the results presented here are correspond to the

spatial derivatives of up to second order and the first time derivative. The proofs

of Theorem 1.2 and Theorem 1.3 are also given in this section.

A few observations regarding the structure of the fundamental solution are

in order. Let u = |y − z(t)|2/4t, θ = (y − z(t))/|y − z(t)|, and Λ(θ) = (θ ⊗ θ).

Let

M(y, z, t) =
1

3

1

(4πt)3/2
e−u

1F1(1, 5/2, u)[I − 3Λ(θ)], (4.1)

so that

Γ = [K(y − z(t), t)[I − Λ(θ)] − M(y, z, t)] e−tΩ.

Estimates on Γ can be obtained combining known estimates for the heat kernel

and new estimates for M. Note also that since as a function of y − z(t), Λ is a

matrix of homogeneous functions of degree zero, its derivatives satisfy

∣

∣

∣

∣

∂|α|Λ

∂yα

∣

∣

∣

∣

≤ C

|y − z(t)||α| . (4.2)

Here, α = (α1, α2, α3) denotes a multiindex of nonnegative integers, |α| =

∑3
i=1 αi, and the usual multiindex notation for derivatives has been used.

The first result establishes the asymptotic behavior of the fundamental solu-

tion.

Proposition 4.1 Let y0, z, η ∈ R3, |η| = 1, be fixed and let y = y0+ρη, ρ > 0.

Then for fixed t > 0

Γ(y, z, t) ∼ − 1

4π

1

|y − z(t)|3 [I − 3η ⊗ η]e−tΩ as ρ → ∞,

Γ(y, z, t) ∼ 1

(4πt)3/2

2

3
e−tΩ as ρ → 0 and z → y0,
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whereas for ρ fixed,

Γ(y, z, t) ∼ − 1

4π

1

|y − z|3
[

I − 3
(y − z) ⊗ (y − z)

|y − z|2
]

as t → 0.

Proof: Consider first the cases ρ → ∞ and t → 0. Using the known asymptotic

behavior of the Kummer functions noted in (2.4), one has that in both cases,

K(y − z(t), t) 1F1(1, 5/2, |y − z(t)|2/4t) =
1

(4πt)3/2
e−u

1F1(1, 5/2, u)

∼ 1

(4πt)3/2
Γ(5/2)

(

4t

|y − z(t)|2

)3/2

=
3

4π

1

|y − z(t)|3
. (4.3)

Note that

Λ(θ) ∼ η ⊗ η as ρ → ∞, t fixed (4.4)

Λ(θ) ∼ (y − z) ⊗ (y − z)

|y − z|2 as t → 0, ρ fixed. (4.5)

Since for y 6= z, limt→0 K(y − z(t), t) = 0, and for t fixed, limy→∞ K(y −

z(t), t) = 0, the proposition follows in these cases from (4.3), (4.4) and (4.5.)

Finally, the case ρ → 0, z → y0 is immediate, since limu→0 1F1(1, 5/2, u) =

1.

The asymptotic behavior of the fundamental solution for large t is also noted

as it may be of use in the study of steady state problems.

Proposition 4.2 Let y, z ∈ R3 be fixed. Then, as t → ∞,

etΩΓ(y, z, t) ∼ 1

(4πt)3/2

2

3
I if U = 0,

etΩΓ(y, z, t) ∼ − 1

4π

1

(t|U|)3
[

I − 3
U ⊗ U

|U|2
]

if U 6= 0.
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Remark 2 As a corollary of Proposition 4.2 one obtains the asymptotic behav-

ior of the fundamental solution of the time dependent Stokes and Oseen problems

since they correspond to ω = 0. Denote by ΓS and ΓO the respective fundamental

solution. Then as t → ∞,

ΓS(y, z, t) ∼ 1

(4πt)3/2

2

3
I, ΓO(y, z, t) ∼ 1

4π

1

(t|U|)3
[

I − 3
U ⊗ U

|U|2
]

.

Proof: Consider first the case U = 0. Then, as t → ∞, u = |y−e−tΩz|2/4t → 0

and thus

e−u [1 − 1F1(1, 5/2, u)] → 0

as well. Since

etΩΓ =
1

(4πt)3/2
e−u

(

1 − 1

3
1F1(1, 5/2, u)

)

I

− 1

(4πt)3/2
e−u (1 − 1F1(1, 5/2, u)) Λ(θ),

the asymptotic behavior for large t is given by the first term and the proposition

follows in this case.

Let U 6= 0, and recall that z(t) = e−tΩz− tU. Then it follows that for large

t,

u = |y − z(t)|2/4t ∼ t|U|2/4, and θ =
y − z(t)

|y − z(t)| ∼
U

|U| .

Now, using (2.4), one has

K(y − z(t), t) 1F1(1, 5/2, |y − z(t)|2/4t)
1

3
[I − 3Λ(θ)]

∼ 1

3

Γ(5/2)

(4πt)3/2

(

4

t|U|2
)3/2 [

I − 3
U ⊗ U

|U|2
]

=
1

4π

1

(t|U|)3
[

I − 3
U ⊗ U

|U|2
]

. (4.6)
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On the other hand,

K(y − z(t), t) ∼ e−t|U|2/4

(4πt)3/2
e−((y−e−tΩz)·U)/2,

which is of lower order than (4.6) and the proposition follows.

The main estimates for the derivatives of Γ are contained in the next propo-

sition. To obtain them, it is convenient to introduce for fixed T, the sets

M0 = {(x, t) : 0 ≤ t ≤ T, |x|2/t > 1},

M1 = {(x, t) : 0 ≤ t ≤ T, |x| ≥ 1, |x|2/t ≤ 1}, and

M2 = {(x, t) : 0 ≤ t ≤ T, |x| < 1, |x|2/t ≤ 1},

and to denote by χj(x, t), j = 0, 1, 2, the characteristic function of the set Mj .

Note that these sets give a partition of the space R3 × [0, T ].

Proposition 4.3 Let y ∈ R3 be fixed but arbitrary. Given α = (α1, α2, α3),

|α| ≤ 2, T > 0, and λ > 1, there exist nonnegative constants Cλl, Ckl, k, l =

0, 1, 2, such that with a0 = 0, a1 = a2 = 1, and

hl(x, t) =
C0l

|x|3+l
χ0(x, t) + C1lχ1(x, t) +

C2l

t3/2|x|l χ2(x, t) +
Cλl

tl/2
K(x, (λ)alt),

∣

∣

∣

∣

∂|α|Γij(y, z, t)

∂yα

∣

∣

∣

∣

≤ h|α|(y − z(t), t).

for all 0 ≤ t ≤ T, and 1 ≤ i, j ≤ 3,

Proof: The case |α| = 0 can be obtained using the proof of Proposition 4.1.

Note also that Γ and its derivatives are continuous and thus bounded on the

compact set M1.
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It is easy to obtain estimates for the terms involving only the heat kernel

using well known results. For example, from Lemma 1-4, Chapter 9, in [13], one

has with λ > 1,

∣

∣

∣

∣

∂K(y − z(t), t)

∂yl

∣

∣

∣

∣

≤ Cλ√
t
K(y − z(t), λt)

∣

∣

∣

∣

∂2K(y − z(t), t)

∂yl∂ym

∣

∣

∣

∣

≤ Cλ

t
K(y − z(t), λt).

Therefore,
∣

∣

∣

∣

∂|α|K(y − z(t), t)

∂yα

∣

∣

∣

∣

≤ Cλ|α|
t|α|/2

K(y − z(t), λt). (4.7)

Recall that θ = (y− z(t))/|y − z(t)|, u = |y − z(t)|2/4t and M is defined in

(4.1). From Lemma 2.1 one has

∂M

∂yl
=

1

(4πt)3/2

∂u

∂yl

[

1

3

1 − 5/2

5/2
e−u

1F1(1, 7/2, u)[I − 3Λ]

]

− 1

(4πt)3/2
e−u

1F1(1, 5/2, u)
∂Λ

∂yl

so that

etΩ ∂Γ

∂yl
=

∂K(y − z(t), t)

∂yl
[I − Λ] +

1

5

∂u

∂yl

1

(4πt)3/2
e−u

1F1(1, 7/2, u)[I − 3Λ]

+
1

(4πt)3/2
e−u( 1F1(1, 5/2, u) − 1)

∂Λ

∂yl

=
∂K(y − z(t), t)

∂yl
[I − Λ] +

1

5

∂u

∂yl

1

(4πt)3/2
e−u

1F1(1, 7/2, u)[I − 3Λ] (4.8)

+
1

(4πt)3/2

2

5
ue−u

1F1(1, 7/2, u)
∂Λ

∂yl
≡ Γ0(y, z, t) + Γ1(y, z, t) + Γ2(y, z, t).

In the last step of this calculation, the identity

1F1(1, c, u) − 1 =
1

c
u 1F1(1, c + 1, u) (4.9)

valid for c > 0 has been used. Also, the terms involving ∂Λ/∂yl have been

combined resulting in Γ2 to take advantage of the cancellation of terms occurring

for z(t) close to y.
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Note that
∣

∣

∣

∣

∂u

∂yl

∣

∣

∣

∣

=

∣

∣

∣

∣

yl − zl(t)

2t

∣

∣

∣

∣

≤ |y − z(t)|
2t

.

From (2.4), it follows that on M0,

|Γ1(y, z, t)| ≤ C

∣

∣

∣

∣

∂u

∂yl

1

t3/2
e−u

1F1(1, 7/2, u)

∣

∣

∣

∣

≤ C
|y − z(t)|

t

1

t3/2

(

t

|y − z(t)|2

)5/2

= C
1

|y − z(t)|4
. (4.10)

Similarly, recall that from (4.2),

∣

∣

∣

∣

∂Λ

∂yl

∣

∣

∣

∣

≤ C

|y − z(t)| . (4.11)

Then, from (2.4) one has

|Γ2(y, z, t)| ≤ C

∣

∣

∣

∣

∂Λ

∂yl
u

1

t3/2
e−u

1F1(1, 7/2, u)

∣

∣

∣

∣

≤ C
1

|y − z(t)|
|y − z(t)|2

t

1

t3/2

(

t

|y − z(t)|2

)5/2

= C
1

|y − z(t)|4
. (4.12)

Therefore, the estimates on M0 for the first derivatives follow from (4.7), (4.10)

and (4.12).

On M2, e−u
1F1(1, c, u) is bounded and

∣

∣

∣

∣

∂u

∂yl

∣

∣

∣

∣

≤ |y − z(t)|
2t

=
1

2|y − z(t)|
|y − z(t)|2

t
≤ 1

2|y − z(t)| .

Then,

|Γ1(y, z, t)| ≤ C
1

|y − z(t)|
1

t3/2
.

A similar estimate holds for Γ2 by (4.11) so the proposition follows for |α| = 1.
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In preparation for the estimates of the second derivatives of the fundamental

solution, note that

[

−∂K

∂yl
− 3

5

∂u

∂yl

1

(4πt)3/2
e−u

1F1(1, 7/2, u)

]

Λ =
∂u

∂yl

[

1

(4πt)3/2
e−u

− 1

(4πt)3/2
e−u

1F1(1, 7/2, u) +
2

5

1

(4πt)3/2
e−u

1F1(1, 7/2, u)

]

Λ

=
∂u

∂yl

[

2

5

1

(4πt)3/2
e−u

1F1(1, 7/2, u) − 2

7

u

(4πt)3/2
e−u

1F1(1, 9/2, u)

]

Λ,

where in the last step we have used (4.9) with c = 7/2.

Combining the terms involving Λ in (4.8), one has

etΩ ∂Γ

∂yl
=

∂K

∂yl
I +

1

5

∂u

∂yl

1

(4πt)3/2
e−u

1F1(1, 7/2, u)I

+
∂u

∂yl

[

2

5

1

(4πt)3/2
e−u

1F1(1, 7/2, u) − 2

7

u

(4πt)3/2
e−u

1F1(1, 9/2, u)

]

Λ

+
2

5

u

(4πt)3/2
e−u

1F1(1, 7/2, u)
∂Λ

∂yl

The second derivatives can be written using Lemma 2.1 and with appropriate

constants a
(q)
p , bp, cp, d0 for p, q = 0, 1 as

etΩ ∂2Γ

∂yl∂ym
=

∂2K

∂yl∂ym
I

+
1

t3/2

∂2u

∂yl∂ym

[

1
∑

p,q=0

a(q)
p upe−u

1F1(1, 7/2 + p, u)[qI + (1 − q)Λ]

]

+
1

t3/2

∂u

∂yl

∂u

∂ym

[

1
∑

p=0

bpu
pe−u

1F1(1, 9/2 + p, u)

]

Λ

+
1

t3/2

∂u

∂yl

[

1
∑

p=0

cpu
pe−u

1F1(1, 7/2 + p, u)

]

∂Λ

∂ym

+
1

t3/2

∂u

∂ym

[

1
∑

p=0

cpu
pe−u

1F1(1, 7/2 + p, u)

]

∂Λ

∂yl

+
1

t3/2
d0ue−u

1F1(1, 7/2, u)
∂2Λ

∂yl∂ym
.
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Similar arguments as those applied to estimate the first derivatives yield the

desired estimate for the second derivative on M0. For example, on this set

∣

∣

∣

∣

1

t3/2

∂u

∂yl

∂u

∂ym
upe−u

1F1(1, 9/2 + p, u)

∣

∣

∣

∣

≤ C
1

t3/2

|y − z(t)|2
t2

(

|y − z(t)|2
t

)p

×
(

t

|y − z(t)|2

)p+9/2−1

= C
1

|y − z(t)|5
.

Recall that the estimate on M1 follows by continuity of the derivatives of Γ

since this set is compact. So only the behavior of the second derivatives of Γ on

the set M2 remain to be analyzed. Note that on this set, upe−u
1F1(1, c + p, u)

is bounded for p = 0, 1 and c = 7/2, 9/2. Also, on M1,

∣

∣

∣

∣

∂2u

∂yl∂ym

∣

∣

∣

∣

≤ C

t
≤ C

|y − z(t)|2
,

and
∣

∣

∣

∣

∂u

∂yl

∂u

∂ym

∣

∣

∣

∣

≤ C

|y − z(t)|2
,

∣

∣

∣

∣

∂u

∂yl

∂Λ

∂ym

∣

∣

∣

∣

≤ C

|y − z(t)|2
.

Finally, using (4.2)
∣

∣

∣

∣

∂2Λ

∂yl∂ym

∣

∣

∣

∣

≤ C

t
≤ C

|y − z(t)|2
,

and the proposition follows easily.

An immediate consequence of this proposition is the corresponding estimate

for the time derivatives.

Corollary 4.1 Let T > 0. There exist constants Cj , j = 0, 1, 2 such that

∣

∣

∣

∣

∂Γij

∂t

∣

∣

∣

∣

≤ C0|ω|h0 + C1|U|h1 + C2h2.

Similarly, integrability properties of the fundamental solution follow imme-

diately from the estimates in Proposition 4.3.
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Corollary 4.2 For fixed t > 0, 1 ≤ i, j ≤ 3, and either z or y fixed,

Γij(y, z, t) ∈ Lq(R3)

for all 1 < q < ∞.

Proof of Theorems 1.2 and 1.3: In light of the estimates obtained on the

fundamental solution in Proposition 4.3, the proof of these theorems follow

standard arguments. Recall that v is given by

v(y, t) =

∫

R3

Γ(y, z, t)u0(z)dz + lim
ε→0

∫ t

ε

∫

R3

Γ(y, z, s)F(z, t − s)dzds.

Let Fn ∈ (S(R3))3 be a sequence such that

lim
n→∞

|F(z, s) − Fn(z, s)|(Lp(R3))3 = 0

for all 0 ≤ s ≤ t. Similarly, approximate the initial data u0 with a sequence

u
(0)
n . Let

vε,n(y, t) =

∫

R3

Γ(y, z, t)u(0)
n (z)dz +

∫ t

ε

∫

R3

Γ(y, z, s)Fn(z, t − s)dzds.

It follows from Corollary 4.2 that pointwise,

v(y, t) = lim
ε→0

lim
n→∞

vε,n.

On the other hand, using (3.16) from the proof of Theorem 1.1, one has

vn,ε(y, t) =

∫

R3

K(y−z(t), t)Pu(0)
n (z)dz+

∫ t

ε

∫

R3

K(y−z(s), s)PFn(z, t−s)dzds.

Since the Helmholtz decomposition is continuous on Lp(R3) for p > 1, it follows

that

v(y, t) =

∫

R3

K(y − z(t), t)Pu0(z)dz +

∫ t

0

∫

R3

K(y − z(s), s)PF(z, t − s)dzds.
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Thus v satisfies the parabolic equation

∂v

∂t
= (U + ω ∧ y) · ∇v − ω ∧ v + ∆v + P(F) (4.13)

with initial data v(y, 0) = Pu0(y). Using the method of proof from [8], it follows

that (4.13) has a unique solution and Theorem 1.2 follows.

Similarly, the semigroup property of Γ follows once one note that for arbi-

trary u0 ∈ (S(R3))3,∇·u0 = 0,

v1(y, t + s) =

∫

R3

Γ(y, z, t)

∫

R3

Γ(z, z′, s)u0(z
′)dz′dz

and

v2(y, t + s) =

∫

R3

Γ(y, z, t)u0(z)dz

satisfy (4.13) with the same initial data. Then by uniqueness of solutions, the

semigroup property follows immediately.

It remains to show that wA(z, s) = Γ′(y, z, t − s)A satisfies the adjoint

equation. For this, it is convenient to keep track of the dependence of Γ on U

and ω and write instead Γ(y, z, t − s;U, ω). Then, the fundamental solution of

the adjoint equation is given by Γ(z,y, t − s;−U,−ω). It follows by inspection

that

Γ(z,y, t − s;−U,−ω) = Γ′(y, z, t − s;U, ω)

as claimed.

5 Conclusions and Remarks

The main result of this paper is the determination of the fundamental solution

of the linearized Navier-Stokes equations that are applicable to the modeling
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of rigid bodies that are translating and rotating at constant translational and

angular velocities. The knowledge of the fundamental solution could aid in the

development of numerical methods based on boundary element methods and in

the calculation of the hydrodynamic forces acting on rigid bodies.

The formula obtained gives insight into the large time and space asymptotic

and could lead into understanding characteristics of the steady state solutions

that are applicable to sedimentation problems. Specifically, the fundamental

solution of the steady problem is given by

K(y, z) =

∫ ∞

0

Γ(y, z, t)dt.

In the case that the angular velocity vanishes, the usual Stokes and Oseen

fundamental solution tensors can be obtained in this way. On the other hand,

when the angular velocity does not vanish, this formula can be used to estimate

the steady state solution and its asymptotic properties.

Finally, it should be noted that the explicit formula for the fundamental so-

lution constitutes a first step towards establishing a probabilistic description of

the solution of incompressible fluid flows. A probabilistic description is available

using the Fourier space formulation of the fluid equations, see LeJan and Sznit-

man [14] and Bhattacharya et al [1]. The solution obtained in this paper can

be written in terms of the Error Function and the heat kernel which have well

established probabilistic interpretations in connections with Brownian motion.
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[17] Ryûichi Mizumachi. On the asymptotic behavior of incompressible viscous

fluid motions past bodies. J. Math. Soc. Japan, 36(3):497–522, 1984.
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